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INTRODUCCION

It has been proved that a compact connected mani

In+ .
fold N?n S with a reaqular normal f-sgstructure is the

bundle space a principal 7°.bundle over a complex mani

2n+s

y)
fold N7, Moreover, if M is a ¥X-manifold, then l2n

is a Kaechler manifold, [2] . 1In this work we prove that

12n+s

(theorem 2.,1) if the K-structure on ° is an S~struc

>
-n o, .
ture, then ¥ is a Podge manifold. Conversely (theo~
. . . 2n
rem 4.4, civen a Bodae manifold ™ and anv s > 1,
there 2xists a princinal toroidal hundle M(M,Ts) over

2n+s

17, whose bundle svace M has a reaqular S-structure.

NORMRAYL, f-STPIIOTURES

o , 2n+s ,
A C -manifold M , n >1, is said to have an

f-structure, if the structural groun of its tangent
bundle is recducible to U(n) x 0(s). This is eqguivalent
to the existence of a tensor field on M of type (1,1),
rank 2n, satisfying f3 + £ = 0, DAlmost complex structu
res (s = 0) and almost contact structures (s = 1) are

two eccamples of f-structures., If there exist vector

fields F; and l-forms, nt, 1 < i < g such that

T 4
0, £ = -I+ ] n RE
i=1

_ i _ Wi i
f(Ei)—'.),n(Ej)—Gj,n of 1



~2-

2n+s

we say that °? has a framed f-structure, or, simply

an (f, Ei” n1)~structure. A framed f-structure is normal

if
an® ® &,

s = |£f,£] +
i

it o~m

1

vanishes, wherc |f,f| is the Mijenhuis tensor of f£. In

this case we have [3] :

s - =
1) L, nl =o0, 2) [Ei,Ej] 0, 3) LEi f=0,

4) dni(fx,y) = - dni(x,fY)

The ecuality 2) implies that the vertical distribution

(the one gencrated by all the E;) 18 integrable.

It is known that for any (f,Ei,nl)—structure there

exists a Riemannian metric g which satisfies

? 3 i
g(X,¥Y) = g(£X,£Y) + § n (%) n" (¥)
i=1

A framed f-structure together with this metric is called
i

a framed metric f-structure, or, simple,anl(f,Ei,n , Q)=

-structure. The 2-form
F(X,Y) = g(X,fY)

is called the fundamental 2-form of the (f.Ei,nl,g)
~structure. A K-structure is a normal (f,Ei, nl,g) -

-structure whose fandamcntal 2-form is closed.



Let D be an integrabhle distribution of dimension h

on a manifold N. 2 cubical coordinate neighborhood

(U,(Xj.......,xm)) on N7 is said to bc reqular with
respect to D if —21 fososaay _ﬁr is a hasis for D(p),
oX axn

for every p € U, and if each leaf of D intersects U
in at most one n-dimensional slice of (U,(X',......,Xm)).
e call D regular if each point p € ¥ has g cubical
coordinate neighborhood which is reqular with respect

to D.

i
An (f,Ei,n )-structurc is said to be reqular if the
vertical distribution 1s integrahle and regular, and if
each E; is reqgular (the distribution generated hy E;

is reqular).

Let's state thie theorem mentioned at the bigining:

THEOREM 2.1. (Blair, Ludden, Yano). Let M2P*S o 51,

be a compact conneted marnifold with a regular framed

2n+s | .
f-structure. Then M“™® jig the hundle space of a prin-

cipal toroidal bundle over a comnrlex manifold Nzn.
Moreover if the framed f-structure is a K-structure, then

NZn is a Kaehler manifold.

TOROIDAL BUNDLES

Let T' = S' and T° = S'x...xS' be the one - dimen

L g1

sional and s-dimensional torus respectively. Since these



.

Lie groups are conmutative, by choosinaga A, a non-zero
element of the Lie algebra L(T') of T', we identify
L(7') with R, and L(T°) = L(T')X.....x L(T') with R®

by means of

(00---~vA 0---...,0) <
[ i ]

. . . ]
where el,.,.,es is the canonical basis of R” .,

Let P[M,T°] be the set of all T°-bundles over the
manifold ™. If P(N,TS,TO and Q(N,TS,TO are two elements
in this set, on A(PxQ) = {(u,v) € PxQ / w(u) = w'(v)}
we defin2 the equivalent relation:

- S -1, _
(ul,vl) n (uz,vz) <=> 3§ te T such that (ult,vlt ) = (uz,vz).

The action of T° on A(PxQ) given by ((u,v),t) = (ut,v) ,

. , s
induces an action of T on

A (PxQ)

P+ Q= 222

obteining, in this way, the new T°- bundle P + 0. It
is known that P N,Ts] with this operation, "+", is an
abelian group whose identity element is the trivial

pundle N x T°. [4] .

If ®w 1is a connection form with curvature form

of a bundle P(N,Ts), then.

s s
w= }] w;,Be, and R = ] do; B ey

i=1 i=1



Fach real ?-form dmi is horizontal and right
invariant, therefore there exists a unique real 2~form
*

* . ; * .
Qi on N satisfying dwi =T Qi . fince the forms

*
Qi are closed, they determine s cohomoloay classes

* . . 2
[@;1.1<1i<s in B'(",R). These cohomoloay classes
are independent from the conection. 1In this way we get

[y

the function

S
v: p[y,7%] » 8 HZ(N,R) given by P -+ ([Q:],....,[Q;]).

i=1

Our intention now is to show that V¥ 1is a group homomor-

phism.

Suppose that {¢Ba} are the transition function of
p(M,T°) corresponding to some covering {Ua} . Fach

function g, ¢ UM U > T° can be written as (d’éa reoes ¢§a> .

Now {¢éa} are the transition functions of a l-dimensio
nal toroidal bundle Pi over M. If we construct the
whitney sum Pl 9 ....9 PS . 1t bappens that a set of
transition functicns of this sum is precisely {¢8a} .
In other words, P and P1 &.....0 Ps have the same

transition function. Therefore we may assume that

s
P=p 6...€P and P[NT] = e Pvr1]

Let hi be the proyection hi: Pl 9 ... @& Ps > Pi .

If Qi is a curvature form on Pi’ there is a conection



on £ whose curvature form { satisfies:

i
~100

Q h* 0. ¥ e,
1 1

1

.
Il
ot

Therefore we can assume that +the function

>
B (31,R)

Hh W
I &0

»e,Tr] -
i=1 i

v . p[N,v%] =
1

[

_is given by V¥ = yYx ... xy wherc ¢ 1is the function

2

v 2 P[N,T'] > B” (N.R) such that ¥(r.) = [0]]

But this Y 1is precisely the function defined by 8.
Kobayaéhi in page 32 of [4] . Furthermore, he proves
that ¥ : »[¥, 7] » H?(N,R) is a group homomorphism
wich sends P[71,T°] onto H2 (M,2), , where H2 (N,Z)h

2
is the sukgrour of = (M,E) formed kv all the elements

which contain an inteagrzl closaed from. Thercfore

THEOREM 3.1, The function

P> ([0;]......[20 ]

s
is a group hocmcmorphismr, which sends F[N,TS]onu) 8 HZQLZ)b

i=1



RFCULMLR S--STRUCTURFS

2rn+5

DEFINICION, N ranifold is said to have an

s-contact structure if thers exist cn M s clobal,
<

. . - 1 s
linearly indenendent l-forms n ,.....,n such that

] s i ~n .
dn’ =.....= ¢én", édn~ khas rank 2 and, at every point

of M,
s i
ﬂ’A cee A N A(dn )n#n

”?n+s

It is known [1] that if has s-contact struc

A i ,
ture, then it kas an (f,Ei,n ,a9)=-structure, which we
call associates to the s=-contact structure, such that

F o= dnl, where F 1is the fundamental 2-form. A normal

i

(f,Ei,n g)-structure asociated to an s-contact struc-

tur: is called an S—structur=s. Motice that an S-struc-

ture is a ¥-structure.

2n+
THEOREM 4,1. Let M™% po a compact connectoed manifold

with a ragular S-structure (f,Ei,ni,q), i=1,....,8 .

M2n+s

Than is the bundle space of 2 vrincipal toroidal

, .2n
bundle cvaer a Fodoe manifold N .

; 2n+
FROCF. Ry theorem 2.1 and its procof wes have that M n+s

. . .. S

is the bundls space of a princinal T= bundle over a
. 2n , . ,

Fachler marnifold N, and that the acroup action 1is

given hy the one-paramcter groups of transformations of

the vector fields El r o eoey FS .



YMow woe claim that the form

is a conection forr. This is, w satisfies:

a) R: w=w, for t e T .

*
b) wl(¥Y ) = ¥, wrher: X is the fundamcntal vector
ficlds of X, with ¥ in the Lie algebhra of 75,

Part a) Ffollows from the fact I nj =0,i,j =1,...8.,

l J
which is o consccuence of the normality of the S-structure.

For part r) 1t suffices to nrove it for *he vector e, ,
I X i

"
o]

i=1, ...., s. Tut this follcws immediately from e;

On the othor hand from the proof cof thoorem 2.1. We

also have that the fundamental form of the f-structure, F,
- , . *
anc thco fundamental for of the Yaehlerian structure, 0

arce related by

Where 1w is bundle proyecticn. But, in the particular
i,
case of an S—structurc wo have F =¢adn™, 1 =1,....,8.
o ... . * .
Therefore ﬁnl = n° QF . Honce, by theorer 3.1, [Q ] is

e

in H (N_,?.)h , which savs that is a Hogd: manifold.



. . S .. .
THFOREM 4,2. Let ™M(},T7, w) be a principal torcidal

2
LN g s
bundle whose bass space ¥ has an almecst Hermitian

vy i
structure. Then ' has a roecular (f,Ei, n-, a)- struc

ture, 1 =1, ... ., S.

s
. : i
PROOF: Fix a conectien form w = ) n R a; on M
i=1

and let Fi be the fundamental vector of Qi’ 1 < i < s,

Then we have

i i
r.) = 6§

Ty j

Let (J,g') be the almeost Fermitian structure of N,

If ueM, 7(u) = v and FV: T, (") > T (%) is the lifting

with respect to the fixed connecticn, define £ by

¥ = (n._ o 3eom ) (X), ¥ (M
£(x) (n, 2 3 em) (¥ e T, (M

Then we have f(Ei) =0 anéd n° n

h
it
>

i=1, ...., s.

We also have

S .
£2(¥) = (Fojom’ =~ Fom® =X+ ] n(E,
i=1
2 T i i
This is, £ = - I+ | n R Ei . Thus we have an (f,Ei,n )

i
~structure, 1 < i < s, on M, Furthermore, the Riemannian

metric a on " defined hy

S . .
g(X,¥Y) = g' (mx,1Y) + J ntx)nt(y)
i=1



-10-

. , . i ,
is associated to this (f,Ein Y-structure, since

S . .
g(fX.fY) = q' (7€X, 7€Y) + ) ni(f¥)n (£fy)

i=1

¢' (JrX,JInY) =

= ¢t (TX,7Y) = a(¥,¥) -~ ] ntx)nt(y)
1

il

i

It is clear from the definition of Fi that each one
of these is regular. The reaularity of the Aistribution
determined by all the Fi's (vertical distribution} follows
form tho theorem XIV of [5], which says that 1if the leaf
space of an intearal distribution is a manifold and if the
proyection mapping takes the tangent space of any point
onte the tangent space nf its proyection, then the distri-

bution rmust he regular.

THEORTM 4,3, The framed f-structure defined in the previous
theorem is normal if and only if the following two condi-

tions hnld:

1) J 1is a complex structure, 2) dw(fX,¥)= - dw(¥,fY) ,for any X,Y.

PROCF: Since ?7) es5 ecuivalont to 2) Au(fX,fY) = dw (X,Y) ,
the theorem will follow as soon as we prove the two a2quali-
tics:

a) nm{(8(X.vV)) = [J,J (=% ,7¥v); ¥,¥ right invariant

vector fields.

b) w(s(,Y)) = de(¥,¥Y) - dn (fX,fY), for any X,Y.



-11~

&) 1If ¥.v =a2re richt invariant vector fields on M,
so are [¥,¥], £(¥) ard £(¥). (f is right invariant).
nosides, wo heave the relatiens: #[¥.,v] = [nX,7¥]and 10f = J o 7.
Therefor:

T(S(LY)) = w[E, €] (v,v) + Jant covir) = [3,3] (nx,mv)

b) Since 7 is horizontal wa have Aw(fY fVi= - w([-f‘r»’,,fY]) .

Hence w(f{X,V)) = w([F7. Y]} + dw(X,Y) = - dw(f7,FY) + du(X.Y) .

wen

THEORE™ /.4, Let be a Todge ranifold. Than feor each

. .. . S
s > 1 thero -xists a principal torei’al bundle ¥(M,T77,7),

"
. N+S
whose hundle spaca ™ has a rooular S-structure,

PROOF: Tet (J,a') be tho Fodce strvucture on M, and Q%

. 5 , % 2
its fundamontal 2-form. Since [27] e 7 (7,7), . then

~
oy &

([o*T],..... [2*]) ¢ ey

] i

Il & n

1

By thenrem 3.,1., there oxists a toroidal bundle bi=.MOLTsﬂ0

such that VY (¥) = ([Q*],,..,, [@*]). Wwo can find a connec-
S i
tion form w = ) n R 25 whose curvature form dw
i=1
satisfies
3 i S x4
do = )] dn HBe,= ) 71 Q'R c;
i=1 i=1

s ,
The forms nf,....,n define an s-contact structure on

n+s , i i .
w TS 1h fact, since dnt = r* Q*, the ranh of dnt is 2n.
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On the other hand, if Fyrsees, 7, are the fundamental
vector fields of Cyrececy @, We have nl(Pj) = 6; .

Now, takina Fl,..., Es and Yl,.,o,x?n horizontal and

lincarly infdependent vectors, we aet

NPa ceea nS a@H PRy, om0 ) = (@nh) P X
4 -.lp v o Sy lj 2n x4 “l'.- -,.Azrl
= QF (X, . ..00X, ) # 0
. ; ] . I.n ,
which proves that n'. ... n” A (Adn7) ¥ 0 at every point

.of M,

- i . ;
If (f,Fi, n ,a) is the framed f-structure on M
constructed in the theoram <.? using the Podae structure

(7,¢’) on ¥ , we have
F(OL,Y) = oX,£Y) = o' (iX,nfY) = g’ (m¥,77Y) = @ (n1X,7Y) = dn* (X,¥)

Therefore this (f,Einiyq)watructure is associated to this
s-contact structure defined hy n'ge..,ns . Ry theorem
4,2, and its procft, (f,riﬂi,q} is reqgular. O9On the other
hand, since J 1is a complex structure and 2w (fX,£fY) =

= dw(X.,Y), (f,Ei,nl,g) is normal. and thercfore a regular

S=-structure on M.

)

—
-



2

[3]
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