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ON A PROBLEM OF SAMUEL
RAJ K. MARKANDA AND JOAQUIN PASCUAL

Interest in euclidean rings was revived with the appearan-
ce of an excellent and interesting paper of Samuel 3] .
Since then more than 20 papers have appeared on this topic.
In this paper we consider the following problem of Samuel .
Let A Dbe a unique factorization domain. Then every element

el e

a of A, a # 0, is of the form a = u.Hl ...Hrr

, where u is
a unit of A, Hi are primes of A and e; > 0 are integers
for 1 <1i <r. Set ¢(a) = e +..... + e.- Under what con-

ditions A 1is euclidean with respect to ¢?

Before considering this question, we give some examples of

domains which are euclidean with respect to a function of the

type ¢.

Examples.
1) A = k[k],the polynomial ring with coefficients in an al-

gebraically closed field k.
2) A 1is a semilocal principal ideal domain [see Prop.5,3].

: *
3) A 1is a principal ideal domain such that A* — ( f%)

is surjective for all a in A, where A* 1is the set of

all units of A.



4) TIf A 1is euclidean for a function 6 then localizing

‘A at all primes I such that 6(Il] > 2, we find that
the localized ring is euclidean for a function of ‘'the
type ¢.
In view of these examples we may assume that A 1is contai-
ned in all but a finite number of wvaluation rings of K ,

where K 1is the field of fractions of A. Now we consider

the following two cases:

Case 1) A contains a field k.

In this case we suppose that A 1is a finitely-ge-
nerated k-algebra. This also includes the case
when characteristic(A) = p # 0. Since A is eu-
clidean we find that transcendental degree of K
over k 1is 0 or 1 i.e. either A 1is a field or

K is an algebraic function field in one variable

over K. Thus A= () v, , where S 1is a fi-
P
P ¢S
nite set of primes of K and Va is the wvalua -

tion ring of K at the prime P,

Case 2) A dues not contain a field.

Thus characteristic (A) = 0 and Z c A. we nhow
assume that A 1is a finitely-generated Z-algebra.
Since A 1is euclidean, we find that K, the guo-

tient field of A, is a number field. Thus




3.

A = N VP , where S 1is a finite set of primes
P¢s

of K containing all the archimedean primes A and

v is the valuation ring of K at the prime P.

P

Now we state, without proof, a theorem of Queen and Wein -

berger. Theorem [p. 68,2] Let A = Q) Vp
P S

ideal domain, #(S) > 2 and that K 1is a global field. We

be a principal

also assume a certain generalised Riemann hypothesis if K
is a number field. Then A 1is euclidean and the smallest

algorithm ©6 on A 1is given by

f(x) = ord,(x).n, , for x # 0
Pis P P

*

*
where np = 1 if A —> ( ) is surjective, np = 2

ol

otherwise.

In view of this we find that if a subring A of a global
field K 1is euclidean for a function of the type ¢ such
that ¢(II)=1 for all primes I of A, then A is a loca-
lization at a large number of primes of K i.e. S 1is in-

finite.

We also need the following .

THEOREM [Cunnea, l]. Let K be an algebraic function field

over an algebraically closed field k. Let A be a subring



of K such that k CA, K 1is a field of fractions of A
and A 1is contained in all but a finite number of wvalua-
tion rings of K. Then A 1is a unique factorization do-

main if and only if genus of K 1is 0.

Using this result we prove the following.

MAIN THEOREM. Let A be a domain such that

E=1{01} U {units of A}

is a field and A 1is not a field. Let K be the quotient
field of A. Suppose now that A 1is a finitely-generated

k-algebra which is euclidean for a function ¢ such that

¢ (I) = 1 for all primes 11 of A. Then % 1is algebraically
closed and genus of K is 0. Moreover, A = X[x] , the

polynomial ring in x with coefficients in k.

PROOF. Since A 1is euclidean and K 1is the field of frac-
tions of A, we find that transcendental degree of K over

k 1is less than or equal to 1. Now tr. degree(K/kK) = 0 im-
plies that A is integral over k and thus a field, a con-
tradiction to our hypothesis. Thus tr.degree(K/k) = 1. Choo-
se x in A such that x is transcendental over X. Let

f(x) be an irreducible polynomial in kﬁx] and let

e e
f(x) = u.Hll.,. .nrr



3,

be its prime de composition in A, where u is a unit of A

and I; are primes of A, 1 < i <r, Now k= {o} U

U{units of A} and ¢(I;) = 1 implies that
A -
[ﬁ;i : k] =1
i.e. [&k-[(—;i—;)- k] =1
i.e. degree of f(x) = 1

Thus we see that KR is algebraically closed. It now fo-
llows that kK 1s an algebraic function field over an al-
gebraically closed field k. Since A 1is euclidean, using
the result of Cunnea we find that genus of K 1is 0 and

thus K = kK(x%x), a rational field. Since

k = {0} U {units of A}

is a field, we find that A = k[x] and whence the result.
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