
NOTAS DE MATEMATICA 

N: 43 

ON A  PROBLEM O F  SAMUEL 

POR 

RAJ , MARKANDA-JOAQUI N PASCUAL 

A P L I C A C I O N E S  CUASI-CUADRATICAS 

JOSE SANTODOM I NGO 

DEPARTAMENTO DE MATEMATICA 

FACULTAD DE C I E N C I A S  

U N I V E R S I D A D  DE LOS ANDES 

MERIDA-VENEZUELA 

1980 



ON A PROBLEM OF SAMUEL 

R A J  Ka MARKANDA A N D  J O A Q U I N  P A S C U A L  

I n t e r e s t  i n  euc l idean  r i n g s  was rev ived  wi th  t h e  appearan- 

ce of an e x c e l l e n t  and i n t e r e s t i n g  paper of Samuel [3] . 
Since  then  more than  2 0  papers  have appeared on t h i s  t o p i c .  

I n  t h i s  

Le t  A 

a  of  A, 

paper we cons ide r  t h e  fo l lowing  problem of  Samuel . 
be a  unique f a c t o r i z a t i o n  domain. Then every  element 

el e  r a  # 0, i s  of  t h e  form a  = u.nl . . . ITr  , where u  i s  

a  u n i t  o f  A ,  lIi a r e  primes of A and ei 2 0 a r e  i n t e g e r s  

f o r  1 - < i - < r .  S e t  $ ( a )  = el +.....+ er. Under what con- 

d i t i o n s  A i s  euc l idean  w i t h  r e s p e c t  t o  $? 

Before cons ide r ing  t h i s  q u e s t i o n ,  we g i v e  some examples of 

domains which a r e  euc l idean  w i t h  r e s p e c t  t o  a  func t ion  o f t h e  

type 4 -  

Examples. 

1) A = k[xI , t h e  polynomial r i n g  w i t h  c o e f f i c i e n t s  i n  an  a l -  

g e b r a i c a l l y  c lo sed  f i e l d  k .  

2 )  A is  a  s emi loca l  p r i n c i p a l  i d e a l  domain [see prop.  5,3] . 
A * 3 )  A i s  a  p r i n c i p a l  i d e a l  domain such t h a t  A* -> ( =) 

i s  s u r j e c t i v e  f o r  a l l  a  i n  A ,  where A* i s  t h e  s e t  of 

a l l  u n i t s  o f  A. 



4 )  ~ f  A is  euc l idean  f o r  a  f u n c t i o n  8 then  l o c a l i z i n g  

A a t  a l l  primes TI such t h a t  9(I!) - 7 2 ,  we f i n d  t h a t  

t h e  l o c a l i z e d  r i n g  i s  euc l idean  f o r  a  func t ion  of ' t h e  

t ype  4 -  

I n  view of t h e s e  examples w e  may assume t h a t  A is contai-  

ned i n  a l l  b u t  a  f i n i t e  number of v a l u a t i o n  r i n g s  o f  K , 

where K i s  t h e  f i e l d  of  f r a c t i o n s  of A. Now we cons ider  

t h e  fo l lowing  two cases :  

Case 1) A con ta ins  a  f i e l d  k.  

I n  t h i s  c a s e  w e  suppose t h a t  A is  a  f i n i t e l y - g e -  

ne ra t ed  k-algebra .  This  a l s o  i nc ludes  t h e  ca se  

when c h a r a c t e r i s t i c ( A )  = p  # 0. Since  A i s  eu- 

c l i d e a n  w e  f i n d  t h a t  t r a n s c e n d e n t a l  degree  of  K 

over  k is  0 o r  1 i . e .  e i t h e r  A is  a  f i e l d  o r  

K i s  an a l g e b r a i c  f u n c t i o n  f i e l d  i n  one v a r i a b l e  

over  K. Thus A = n vp , where S  i s  a  f  i - 
P O .  

n i t e  set of primes of K and vp is  t h e  va lua  - 
t i o n  r i n g  of K a t  t h e  prime I?. 

Case 2 )  A dues n o t  con ta in  a  f i e l d .  

Thus c h a r a c t e r i s t i c  (A)  = 0 and 2 c A. we 11now 

assume t h a t  A i s  a  f i n i t e l y - g e n e r a t e d  Z-algebra. 

S ince  A i s  euc l idean ,  w e  f i n d  t h a t  K ,  t h e  quo- 

t i e n t  f i e l d  of  A,  i s  a  number f i e l d .  Thus 



A = /I vp , where S i s  a  f i n i t e  se t  o f  pr imes  
p  4 s  

o f  K c o n t a i n i n g  a l l  t h e  archimedean pr imes  A and 

v  i s  t h e  v a l u a t i o n  r i n g  o f  K a t  t h e  prime P .  P 

Now w e  s t a t e ,  w i t h o u t  p r o o f ,  a  theorem of  Queen and Wein - 
b e r g e r .  Theorem b. 68,2] L e t  A = n vp be a  p r i n c i p a l  

p & s  

i d e a l  domain, # (S) - > 2 and t h a t  K i s  a  g l o b a l  f i e l d .  W e  

a l s o  assume a  c e r t a i n  g e n e r a l i s e d  Riemann h y p o t h e s i s  i f  K 

i s  a  number f i e l d .  Then A i s  e u c l i d e a n  and t h e  s m a l l e s t  

a l g o r i t h m  8 on  A is  g i v e n  by 

e (XI = E ordp  (x) . np , f o r  x  # 0 
P S  

* * 
where np = 1 i f  A -> ( ) i s  s u r j e c t i v e ,  np = 2 P - 

o t h e r w i s e .  

I n  view o f  t h i s  w e  f i n d  t h a t  if a  s u b r i n g  A o f  a  g l o b a l  

f i e l d  K i s  e u c l i d e a n  f o r  a  f u n c t i o n  o f  t h e  t y p e  4 such  

t h a t  4 (ll) = 1 f o r  a l l  p r imes  II of A ,  t h e n  A i s  a  loca -  

l i z a t i o n  a t  a  l a r g e  number o f  p r imes  of  K i . e .  S i s  i n -  

f i n i t e .  

W e  a l s o  need t h e  f o l l o w i n g  . 

THEOREM rcunnea, I]. L e t  K be a n  a l g e b r a i c  f u n c t i o n  f i e l d  

o v e r  an  a l g e b r a i c a l l y  c l o s e d  f i e l d  JE. L e t  A b e  a  s u b r i n g  



of K such t h a t  k C a, K is a f i e l d  of f r a c t i o n s  of A 

and A i s  conta ined  i n  a l l  b u t  a f i n i t e  number of valua-  

t i o n  r i n g s  of  K .  Then A is  a  unique f a c t o r i z a t i o n  do- 

main i f  and on ly  i f  genus of  K i s  0. 

Using t h i s  r e s u l t  w e  prove t h e  fo l lowing .  

MAIN THEOREM. Le t  be a  domain such t h a t  

k: = ( 0 )  IJ { u n i t s  of  A )  

i s  a  f i e l d  and A i s  n o t  a f i e l d .  Le t  K b e  t h e  q u o t i e n t  

f i e l d  of  A .  Suppose now t h a t  A i s  a  f i n i t e l y - g e n e r a t e d  

K-algebra which i s  euc l idean  f o r  a  f u n c t i o n  @ such t h a t  

@ ( I T )  = 1 f o r  a l l  primes TI of A. Then k i s  a l g e b r a i c a l l y  

c lo sed  and genus of K i s  0. Moreover, A = 3tlxl , t h e  

polynomial r i n g  i n  x wi th  c o e f f i c i e n t s  i n  k. 

PROOF. S ince  A i s  euc l idean  and K is  t h e  f i e l d  of f r a c -  

t i o n s  of A,  w e  f i n d  t h a t  t r a n s c e n d e n t a l  degree  of  K over  

k i s  less than  o r  equa l  t o  1. Now tr.  degree  ( ~ / ' k )  = 0 i m -  

p l i e s  t h a t  A i s  i n t e g r a l  ove r  k and t h u s  a  f i e l d ,  a con- 

t r a d i c t i o n  t o  o u r  hypothes i s .  Thus t r .degree(K/k)  = 1. Choa- 

se x i n  A such t h a t  x  i s  t r anscenden ta l  over  k. Le t  

f  (x)  be an i r r e d u c i b l e  polynomial i n  k[x] and l e t  



b e  i t s  pr ime  d e  compos i t ion  i n  A. where u  i s  a u n i t  o f  A 

and Ill a r e  p r imes  o f  A, 1 - < i - < r. Now k =  { 0 )  U 

U { u n i t s  o f  A} and (I (Ill) = 1 i m p l i e s  t h a t  

i . e .  d e g r e e  of' f  ( x )  = 1 

Thus w e  see t h a t  R i s  a l g e b r a i c a l l y  c l o s e d .  I t  now £0- 

l l o w s  t h a t  k i s  an  a l g e b r a i c  f u n c t i o n  f i e l d  o v e r  a n  a l -  

g e b r a i c a l l y  c l o s e d  f i e l d  R. S i n c e  A i s  e u c l i d e a n , u s i n g  

t h e  r e s u l t  of  Cunnea w e  f i n d  t h a t  genus  of  K i s  0  and 

t h u s  K = k ( x )  , a  r a t i o n a l  f i e l d .  S i n c e  

k = (0) U { u n i t s  o f  A )  

i s  a  f i e l d ,  w e  f i n d  t h a t  A = krx] and whence t h e  r e s u l t .  
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