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ABSTRACT
Using a Lyapunov function and a result of Wazewski we show

the existence of a non-Trivial solution converging, to zero

of the Differential Eguation

x" + plt,x,x"}x' + glt)x = 0

under the hypotheses: p(t,x,y) continuous in (t,x,y) and

plt,x,y) < - B <0, geCc'([0,~)) and g"(t) > A>0.
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We will prove a theorem of existence of a non-Trivial

solution converging to zero for the eguation

x™ + plt,x,x'ix' + alt)x = 0 (1)

Under certain restrictions on its coefficients. The

following lemma will be used in the proof: *

a0 -
LEMMA 1. Let f ¢ C'([0,+ =)). 1f J £7(t)de < +
O

and f'{t) is bounded, then f{t)-> 0 when t-~> 4o
In all that follows we will use the function:

2

F(t,xl,xz,XB) = —-2%X.X. - q(t)x}
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Let x(t) be a solution of(i). If we substitute Xy by
x{t}, % by ='{t) and Yo by x"(t) in (2) we get the

function of t:
Flx(t)) = ~2 x' (£)x"(t) - qlt)x®(t)

LEMMA 2. Let’s suppose the coefficients of (1) satisfy
the following hypotheses: p{t,x,y) is continuous in
(t,x,y) q ¢ C'([U,+ =)}, pl{t,x,y) < -B < 0 ana

g'(t) > A > 0. Then, given a solution x{t) of (1} such




3.

that F{x(t)}) > 0 for t ¢ ([fo,w)), where w 1s the

right end of the largest interval of existence of

x(t), we have that w = + « , x(i)(t) € LZ([%O,+ «))

and x(t) converge to cero when t —> + o ,
PROOF. We have :

Fle(t)) = b (F(x(£))) = =2(x" (€))7 + 2(t,%,x") ()’

—q(t) ((x(t))?>

If we use the hypotheses in p and g we have:

Fi{x(t)) -Wi(x,t))

A

where

2

2)x" (t) 12 + 2B|x' (t) 32 + Ax©(t)

]

Wi{x(t))

we have then:
F(x(t})) < - W{x(t}) < 0O

and integrating,
t

Fx(t)) < F(x(to) - J Wix(t))dr ,

t
o



or,
rt
J W(x(t)ldr
t

O

fA

Fx(ty)) - F(x(t)}.

If now F(x(t})) > 0, for t > t_ we have

A

t
mem)m < FPlx(t) C(a)

t
o

From (4) we obtain that x(l)(t) £ thffo,w)) i=0,1,2.

We will now prove that the functions x(l)(t), i=0,1,2

are bounded in [}o,m) and, as a consequence of this ,

the sclution can be extended to r£0,+ =} : we have

t
]xz(t” < [xz(to)l ¢ 2j Ix x'|dt
tO

t .
Ixz(r)[dr)l/z

< lxz(to)l + 2 (j

to

t .
(j )x(r)!zdr)l/z

Yo

For t 5[£O,m), In a similar way it is proved that
x'(t) is bounded in [t_,w).

To see that x"(t) is bounded in r&o,m) we use (1)
~,

x" = -p(t,x,x"}x' ~g(t)x



so, by integration,

t ' t t -
[x"(t)| < lx"(to)[ + (J ]p(T,x,x'Izc'h')l/2 (} I:-:'(T)lsz)l/‘
tO to
(t t
+ (] g% (c)an) /2 (j %2 () an) 172
tO tO

Using now lemma 1 we have that x(t)—0,x'(t)—> 0 when

t..-> og

THEOREM 1. Let's suppose that the coefficients of (1)
satisfies the hypotheses of Lemma 1. Then theres exist

a non trivial solution ¢(t) of (1) such that

3 (e ¢ L®(Je =) for i=0,1,2; ¢ ) (t)=> 0 for

i=0,1 when t —> +=

PROOF. Let's consider the following subset of r

- 4 ,
Ho= {(t,x),%,,%x3)e IR l Ft,xy,%,,%3) > 0, t>to}

with ty big enough so that gq(t) > ¢ if t > t, -

We want to show that every point of the following set

4
C = Boundary of H-{(t,xl,xz,x3) £ R !xl=x2=x3=' 0}



is a strict egress point (see |2]|) of the flow

Y(t) = {t,xl(t) ,xz(t) ,x3(t))

in Bf4 determined by the solutions of the following

.

differential equation:

X, T X,
X, = X4
X =

Because

4
Boundary of H = {(t,xl,xz,x3) ¢ R | F(t,xl,xz,x3)=0}

then it suffices to calculate the scalar product

(VF, ¥ (L))

and see that it is negative.

In fact,

2 2 2
- . 'd - g
q (t):\l 2x3 + 2p(t,x1,x2)x2

il

(VE,¥(t))

2 2 2
- Axl - 2x3 - Bx2 < 0,

iA



and then we have that every point of ¢ is strict

eqgqress point.

[0

If now we suppose that every solution curve of (1}

1

o

caves H, then we would have a mapping from H into
¢ which is a retract, that is, continuous and 1its
restriction to € egual the identity (sec{2|). But
we now from algebraic topology that this is not po-

ssible because H 1is contractible to a point and C
has a first homotopy group different from the trivial

one .
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