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Abstract. In this paper we extend the wellknown Kalman
range condition for the controllability of the non-

autonomous linear control system

x(t) =
i

it ~13

a,(tya,)x(t) + Bul(t) ,
1 1 1

where the state x(t) ¢ Rn, Ai and B are matrices of nxn and

nx% dimensions respectively, ai(t) e R are fixed functions,
u(t) e Rz is the control; besides the Lie algebra generated
by Al'Az""’Am under the commutator product has dimension
m. For this system we give range type conditions, necessary

and sufficient for the controllability.

Key words: don-autonomous system, controllability, range

condition

1. Introductiomn. In this work we study the problem of the

controllability asociated with the control system:

v
(@]

m
(1.1) x(t) = () a (t)A )x(t) + Bul(t) , t
i=1

Obviously, all the non-autonomous systems



(1.2) x(t) = A(t)x(t) + Bu(t) , t 20,
may be written in the system (1.1) form.

Here we will suppose that Ai’ i=1,2,...,m, are real
matrices of nxn dimension and the Lie algebra, genkrated by
thgse matrices, has m dimension; B 1s a real matrix of nx#%
dimension. The control function u(t) e Rgand the functions

a (t) ¢ R, A(t) ¢ R"*" are locally integrables on R.
]

When the system is linear and autonomous it has the

form:
x(t) = Ax(t) + Bu(t) , t 2 0 ,

a necessary and sufficient condition for the controllability
is given by the wellknown Kalman criterion, which can be

written as

(1.3) sp(BRY,aBR",..., A" !BR*} = R" ,

. is the range of the operator A1B, i = 0,1,2,

where A'BR
...,n=1 and Sp{ } is the linear hull of these ranges. See

[1,pg 81].

In this work we will extend the controllability condi-
tion (1.3) for the linear non-autonomous system (1.1), this

is to say, we generalize the Kalman range condition.



2. Preliminaries and Definitioms. From now on we will sup-
pose that the matrices Al’Az""’Am generate a Lie algebra

of m dimension
L = LA ,A, e.0sB)
with the commutator product [Ai’Aj] = AiAj - A A .
We shall use the following results:
X -
LEMMA 1.1 (Baker-Hausdorff). 1If X, Y € L, then e Ye X e L
and its given by the formula

(2.1) e've™ = v + [X,Y] + [X,[X,Y]1/2! + [X,[X,[X,Y]11/3! + ou. + ...

See [2], [3] .

Jf we use the notation adX, to represent the linear operator

defined on L, through
(adX)Y = [X,Y] , (adX;?y = [X,[X,Y]] , etc.
Then the formula (2.1) can be written as follows:

(2.2) efve * = (e?d%yy See [2],

LEMMA 2.2. Be AI’AZ"°"Am a L base which multiplication

table 1is

~e



m
[Ai’Aj] = kzlYEJAk , i,3 = 1,2,...,m .
Then
r r 1
(2.3) T exp(g.adA.)A, = ( Il exp(g.,A.))A. ( I exp(-g.A.)) =
- J Jooa . i LI « T3
j=1 j=1 j=r
m
= Y& A ,r=1,2,...,m ;
k=1 ki 'k
where each Ek = Ek (gl,...,gr) i1s an analytic function of
i i
g, to g,

Using (2.3) in [3] proves that in an interval of the
form [0,T], the fundamental matrix ¢ of the system (1.1) can

be written as

m
(2.4) ®(t) = @I explg.(t)A.,) , O
j=1 J J

it/
-
A
|-a

and the functions gj are determined by the relation

m i-1
2.5 (t)A. = g'A, + (I e .adA ) )A.
( ) ]_Zla1( JA. 913, 1_ 291(j=1 xp (9 RAL.

ne~3

which 1s equivalent to

ak(t) =

"ne~13

g;(t)sk'(g(t)) i g = (91,...,gm)

i=1 i

We shall also use the following theorem, which is a con-

sequence of the Cayley Hamilton theorem.



THEOREM 2.1. Let AI,A .,An, the eigenvalues of a matrix

o

A of nxn dimension.

Let us define the polynomi succession in A as follows

k
(2.6) P (A) = I, P (A) = T (A-2x1I ,k=1,2,...,n"1.
0 k j=1 N
Then
tA n-1
(2.7) e’” = Zsk_+1(t)Pk(A) '

where the coefficients 81,82,...,Bn are determined by recur-
rence, beginning with the following 1linear differential

equation system

Bl(t) = Xlﬁl(t) ’ 81(0) =1
(2.8)
Bk+1(t) = Xk+15k+1(t) + Bk(t) ’ Bk;l(O) =0
where k = 1,2,3,...,n-1 .
Therefore for each matrix Aj, j = 1,2,+..,m with their
eigenvalues Ai,xg,...,xi, results that
tAj n-1 ; kj ; n-1 i
(2.9) e ) oy (B)AT, ap (t) = LB, By,
k.=0 J J k=k .
J J
where
Yk =Yk'(>\il>\‘]l'--r)\j) .



Then for each j = 1,2,...,m we have that

. -g.{(t)A. n-1 . k .
(2.10) e ! P L e} (s en)Aa )

k.=0 " j J J

J

DEFINITION 2.l1. The non-autonomous system {1.1) is control-

lable on [0,T] in case: for each pair'xo,x1 e R", there is

an admissible control, u ¢ Ll(O,T;Rl) so that the corres-

ponding solution xu(-), satisfies the condition, x (0) = x0
. u

and xu(T) = Xy

From (2.4) results that the solution x(.) from (1.1)

correspeonding to the control u € Ll(O,T;Rl) with x(0) = xo,

can be written as

, g (t)A
(2.11) x(t) = e . e « ve. s m[x0+

-g {(s)A -g.(s)A
+ jte m m . ... .e ! " lpus)ds] , 0 <

A
ct
I/

L

Consider the operator G : Ll(O,TVRz) —> R" defined by

the relation

(2.12) Gu = [187!(s)Bu(s)ds

1 -9 (t)A -gl(t)A

where ¢ " (t) = e " m . ... . e l1; obviously G is

a linear and continuous operator.



PROPOSITION 2.1. The following statements are equivalent:

a) The system (1.1) is controllable on [0,T]

b) GLI(O,T;RQ) = Range G = R"

c) If B*(e l(t))*c =0, 0

[T
o+
i/
=
n
v

o
"
(@)

3. Range Conditioms. In this section we will present the

results of this work.

THEOREM 3.1.  If the system (1.1) is controllable on [0,T],
then it hold the following range condition
k k
(3.1) Sp{Amm...AllERR/ki =0,1,.c.m-1;i=1,2,...,m =R" .
Proof. If the system (1.1) 1is controllable on [0,T],
-then by the Proposition 2.1 the operator G defined by (2.12)

has range R". From (2.10) this operator can be written as

follows:
J-T "il m K ”il m-1 Kn-1
Gu = ( a (=g YA ") ( a (-9 JA TR
0 K =0 km m m K -0 km_1 m-1 m-1
m m-1
n-1 1 k1
.. ) a (-g )A_ ")Bu(s)ds =
k.o k1 1771
1
n-1 k k1
= y A" . .A CBUGk Sk ,..e k)
K, k. =0 m m-1 1



where

m
. _ T i 2
(3.2) Uk, K _jreeerky) = [0 T a (=g )u(s)ds e R .
i=0 i
This implies that the operator
m
po— n 2
G:Y—>R" ; v=_XR",
i=1
defined by:
_ n-1 ko ky
Gy = Y AT AL By (K see k)
km,...,k1=0

where, y(km,...,kl) are the components of the vector y e Y;
has full range, which is equivalen to:

k k
Sp{Amm...AllBRl/ki - 0,1,...,n=1 ; i =1,2,...,m} = R"

Q.E.D.

OBSERVATION 3.1. The condition (3.1) is not sufficient for
the controllability of the system (1.1). Indeed, let us con-
sider the case in which ai(t) = 0, i =1,2,...,m; this 1is
to say, the system (1.1) is simply X(t) = Bu(t), and the

operator G becomes

Gu = ngu(s)ds = ngu(s)ds , ue L (0,T;RY)

which maps L1 onto the whole Rn, 1if and only if B has range




equal to R".

The condition (3.1) implies the controllability of the
system (1.1) if we add some type of condition to the gi(-),

i=1,2,...,m, functions.
According to (3.2) we 1introduce the following defini-

tion:

DEFINITION 3.1. Given a partition m of [0,T] into n" inter-

vals:

The following matrix will be called the matrix of con-

trollability associated with (1.1)

c_ = ((J’t1 ai ds)I)
i-1 j=1 J n xn
where I - identity matrix of szz, i = l,2,...,nm, kj =
0,1,2,.0.,0=1; 3 = 1,2,...,m; ai = ai (=g, (-).
J J

From (2.5) results that the matrix CTT only depends of

the coefficients ai(-) and the Lie algebra L.

THEOREM 3.2. If the range condition (3.1) is true and there

is a partition w of [0,T] into n" intervals, such that the



10

matrix C, defined by (3.3) 1s nonsingular, then the system

(1.1) is controllable on [0,T].

Proof. The condition (3.1} implies that the operator

G defined by the relations

m

n
— 2
G:yvy—>R", y=>}X_R

i=1

_ n-1 k k1
Gy = y A™...A 'By(k ,...,k ) ,
K K =0 m 1 m 1
m? 71
where y(km,...,kl), ki = 0,1,2,...,n=1; 1 = l,2,)..,m are

the components of the vector y € Y, has full range: GY = R".

We must prove that the operator G maps Ll(O,T;Rl) onto
the whole of Rn, for which is suficient to prove that if G
is restricted to the class of piecewise constant controls
has full range. According to the hypotheses, there is a par-

tition m of [0,T]

such that the matrix CTT is nonsingular.
Consider piecewise constant controls on this partition:
u(t) = U, e R° , t, . = ts<+t, ,i=1,2,...,n".

Then



T n-1 k n-1 1 k1
Gu=f (Y a"A™M...( ] a A ")Bu(s)ds =
0 k m k 1
k =0 m k,=1 1
m 1
n-1 k k 1 k1 1 m .
= y AM™ "C...A "Bf M al) u(s)ds =
) (2o ™ m-1 LT, kg
m? Ky J
n-1 k. ko, K n"t, om
= Yy A" " .. aBY [ ' 1ol Uds
m m-1 1 . t. . k. i
km,...,k1=0 i=1 i-1 j=1 J

This implies that

COROLLARY 3.1. 1If the system (1.2) 1s <controllable on

[0,T], then

1 1 k..
sp{ T ( 1A, Bk = 0,1,2,0..,071 ; 1,5 = 1,2,...,0} =K,
i=n j=n J
where {Aij/i,j = 1,2,...,n} 1s the canonic base of the ma-

trices space

Proof. Results from the fact

A(t) = a. _ (t)A

1 i iJ

ne-1>
0Wi~13

i=1 ]
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and Lie algebra generated by Aij, has n" dimension.

OBSERVATION 3.2. It is possible that in the practice we

.

find the system (1.1) in the following forms:

_ . m
(3.5)  x(t) = (1 a (t,x(t),u(t))A )x(t) + Buft) , £tz 0,
i=1
moreover we will suppose that functions a, : Ranxkl —> R«
1
i=1,2,...,m, are locally integrable and for each x(.) ¢

c(o,T,R"), u(-) e« Ll(O,T;szai(-,x(-),u(-n is integrable on

(0,T].

COROLLARY 3.2. 1I1f the system (3.5) 1is controllable on

[0,T], then
k  k k
Sp{AmmAmTil...A153Rg/ki =0,1,2,.0e,n-1 ; 1i=1,2,...,m} = R" .

The following Theoréms, 3.3 and 3.4, are proved in anal-

ogous form to the Theorems 3.1 and 3.2, respectively.

THEOREM 3.3. If the system (1.1) is controllable on [0,T],

then the range condition is true:

(A1>BR"/1<, - 0,1,...,n-1 ;
1

i=12,2,...,m} = R" ’

(3.6) sp{p (A )P, (A

m m-1 1
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where Pk (Ai) are given by (2.6)
i
OBSERVATION 3.3. According to the Theorem 2.1 the operator

G defined by (2.12) may also be written as follows:

.

"
Gu = y P, (A)...P, (AI)BIO_H B, (-9, (s))u(s)ds ,
K yee.5k. =0 m 1 i=1 i

and the analogous matrix to C. defined in (3.3) adopts the
following form:

m .
(3.7) c. = ((f,) 18l (-g,(s))ds)I)

. . . m
i-1 i=1 i n xn

I - Identity Matrix of szz.

THEOREM 3.4. 1f the range condition (3.6) is true and there
is a partition w of [0,T] into n" intervals, such that the
matrix En defined by (3.7) is nonsingular then the system

({1.1) 1is controllable on [0,T].

Next we will give condition sufficient for the system
(1.1) controllability, different from those given in the

Theorems 3.2 and 3.4, respectively.

THEOREM 3.5. TIf the range condition (3.1) is true and the

set of functions
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=3

.i = —
1°‘k1."gi“”/k1 = 0,1,...,n-1} ,

(3.8) {

i
is linearly independent on [0,T], then the system (1.1) is
controllable on [0,T].

Proof. If the system (1.1) 1is not controllable on

[0,T], then, by the Proposition 2.1 there is ¢ ¢ R" such

that:

and g # 0,

e
r-f.
A

=

B* (e ! (t))* =0, 0

this implies that

<t, 0"l (t)Bv> = 0, (te [0,T] , veR" .

From (2.4) and (2.10) results

n-1 k k
m 1 m 1 _
<€ ) %k g (B o (g (A TR, B> -
2o sy = m 1
m 1
n-1 m ) k kl
= ) ap (=g _(E).ewa, (=g, (£))<g,AT...A ‘BV> = 0
K yeunsk, =0 “m " ky 71 m 1
m9 LI ] 1

(t e [0,T] , Vv € Rl). Since the given set (3.8) 1is linearly

independent on [0,T], it follows

k k k
««,A™™! alpys=0, (k. =0,1,...,n1 ; vsRY) ,
m m-1 1 1

this is to say:
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k k
1_,% .
Sp{Amm...Al BR/k, = 0,1,...,n-1 ; i = 1,2,...,m}§R" ,
which is a contradiction. Therefore the system (1.1) is con-

trollable on [0,T].

THEOREM 3.6. If the range condition (3.6) is true and the

set of functions
(3.9) {18, (-9;())/k, =0,1,2,...,n-1} ,

is linearly ‘independent on {0,T], then the system (1.1) 1is

controllable on [0,T].

Proof. 1Is analogous to the previous theorem, because

from (2.4) and (2.7) we can write ¢'1(t) as follows:

n-1
m

o ly = T 8 (=g, (t))...8) (g (NP, (A)...B (M) .

K 4...,k, =0 "m 1 m 1
Q.E.D.

4. Aplicatiomns. Let us consider now some examples to apply

the just obtained results.

EXAMPLE 4.1. Consider the control system in R?



(4.1) x(t) = a(t)Ax(t) + Bu(t) , t z 0 ,
where
1 1 1‘«\ 1
a(t) = r A = ; B = , u(t) ¢ R .
£+l 1 1} 2
Then Sp {BR,ABR} = R® .
The eigenvalues of A are Ai = 2, Az = 0, according to
the Theorem 2.1, it results that:
exp(tA) = 1 + 1 eZtA
2
and the fundamental matrix of (4.1) is
d(t) = exp(fga(s)dsA) = exp(ln{(t + 1)a) ,

this implies that:

16

Therefore the operator G defined by (2.12) can be writ-

ten as

Gu = Bf;u(s)ds + ABf;—i— (s + 1) %u(s)ds .

2
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Lets consider the following partition of [0,T]

T+ 0 = tO ’ t1 = T/2 , t3 =T
and the matrix
T/2 T
IO dsI f—T/zdsI’ \\
CTT = /
[3/%1/2(s + 1)7%as1 [1,,1/2(s + 1)7%asT |

Obviously CTr is nonsingular, and from the Theorem 3.2
we have that the system (4.1) 1is controllable on each inter-
val of the form [0,T], (T > 0). This result is obtained in-

mediatelly applying the Theorem 3.5, because

el (t) = o (-g(t))T + a (-g(t))A ,

where
g(t) = f;a(s)ds = ln(t + 1) ,
ao(-g(t)) =1

and
a, (-g(t)) = 1/2(t + 1)7% ;

it is easy to prove that {ao(g(-)), a (g(*))} is a linearly

1
independent set on [0,T].
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EXAMPLE 4.2. Lets consider the control system in RZ, given

by
(4.2) x(t) = A(t)x(t) + Bu(t) , t = 0
where '
&
a.(t) a,(t) '
A(t) =| ! 2 , B e RV,
a3(t) a4(t)

In this case we can write A(t) as follows

, al(t) + a4(t)
A(t) = S(t) + I , I - identity matrix

2

of R?*2 Hence the solution & of the system

d(t) = A(t)e(t) , &(0) = I ,

is given by
9,(t) ¢
d(t) = V(t)e ' g4(t) = l/2fO (al(s) + a4(s))ds
and
V(t) = S(£)V(t) , V(0) = I ,
moreover

a.(t)y - a, (t)
S(t) = A1 + az(t)AZ + a3(t)A3
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where

1 0| o 1 0o o0
A, = , A, = , A, = .
1 0 -1/ 2 0 0 3 1 o)
Thus, from (2.5), we obtain: .
1 _ ' '
—;— (a1 - a4)A1 + azA2 + a3A3 = glA1 + gzexp(gladAl)A2 +

+ géexp(gladAl)exp(gzadAz)A3 =

291 291 —Zg1

- 1 1 ] - 1 2 [ .
= (9] * 939,)A, + (g,e 939, A, + gje Ay
which implies that:
g! + 9,9l = —— (a (t) - a,(t))
1 2°3 2 1 4
Zg1 291
(4.3) g,e - 9;9,e = a,
'e-291 = a
93 = ay

671 (+) adopts the following form

-9
-1 4 -
& " (t) e (I g3A3)(I - g2A2)(coshg11 - senhglAl) =

"4 91 "9
e [coshgll - senhglA1 - g,e A2 - g,e A, +

* 9,9,008hg AR, — g,g,senhg AR AT,
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because A2A1 = -AZ and A3A1 = A3 .
2x8 .
If B ¢ R°*" is such that

Rank[B | AIB , AZB . A3B . A3A2B . A3A2AIB] = 2

g -9
1 1 .
and {coshgl,senhgl,gze r95€ ,g3g2coshg1,g3gzsephgl} is

a set linearly independent on [0,T], .then from the Theorem

3.4, the system (4.2) is controllable on [0,T].

In case a, = 0, from (4.3) it is obtained:

g, (t) = 1/2[; (a, (s) - a,(s))as ,

t s
g, (t) = [yexp[f,(a, (t) - a (t))dtla,(s)ds
g, (t) = 1/2f[; la,(s) + a,(s)]as ,
9, = 0 .
For example, if al(t) = t, az(t) = =1/2, a; = 0 and

a4(t) =t -1, it is obtained that

-g

Q'l(t) = e 4[cosh-—i—- t I - senh-—L— t A1 - (e't/2 - l)et/zA ] .
2 2 2

It is not difficult to prove that the set

-t/2 t/2

- 1l)e }

{cosh L t , senh 1 t , (e
2 2

is linearly independent.
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