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1 Introduction

Let X,, = (X},...,X?) be a d-dimensional stationary Gaussian normal pro-
cesses such that

E(X}) =0, and E(X})* =1
Let H be a real valued function such that
E(H(Xn)) = 0 and E(H(X,))? < o (1.1)

Suppose that X},..., X4 are d orthogonal nomal random variables for all n. If
it does not occur, we can construct § < d orthorgonal normal random variables,
using the Gram-Schmidt method:

§
Y,.: = Eain;’;
j=1

such that E (Y}!) =0, and E (Y,:')2 = 1 and we would consider
HY},..., ¥ = H(X},..., X3
If H satisfies 1.1 then it can be expanded in the form
[ d ]
HXh . XD =33« HH o (X5)
r=kg.eA, i=1

where g; = (¢:(1),...,9i(d)), Ar = {gi/ 9:(1) + --- + gi(d) = r}, H; is the Ith
Hermite polynomial and

o0 d
3o > G e < (1.2)

r=k 8.‘€Ar =1
(see, e.g. [9]) We say that H has Hermite rank k if

d
b= min{3 gi(1)/cg, # 0}
=1

We define the random processes 1



SUMMARY

Let {X1},...,{Xk} be k stationary Gaussian processes. Suppose H is a
functional of k variables. This paper proves the normality asymptotic of the sequence:

1 (n+1)N
— Y H(X},...,X})
AN j=nN

where Ay are appropriate norming constants and assuming that the correlation matrix
tends fastly to 0. The method is the same used by Breuer and Major
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Z¥=z¥(H)= Ay Y H(X)) (13)
j€B(n,N)

where Ay are appropiate norming constants and
B(n,N) = {j/ nN < j < (n+ )N}

We are interested in the assymptotic distribution of Z
Breuer and Major [1] studied the problem when d = 1 . Suppose that H has
Hermite rank k. They showed that if .

2 Ir(m)k < o0

n=0

where r(n) = E(X{X]), then the ZY sequence is asymtotically normally dis-
tributed as N — oo with Ay = N*/2
In the case that

(Yn+¢1; s 7Yﬂ+td) = (Xri’ s ’X:)

where Y,, is a normal stationary process such that satisfies our conditions. Ho-
Sun showed in [5] that if

oo
oI <o
n=0

then ZY is also asymtotically normal with Ay = (N)!/2

A Central limit Theorems holds for ZY under similar conditions of the cor-
relation functions r;(n). The proof works with the same techniques of [5] and
[1). We have modificatied the original proofs for the d? correlations functions
differents. We prove that the moments of Z}¥ tend to the moments of the normal
randon variable using induction.

2 Central Limit Theorems

In orden to formulate our results, we introduce the following notations and
definitions. The last can be found in [5).

Let p € N and g = (g1,..-,8p) With g = (g:(1),...,9i(d))

We say a diagram G € I'(p,d, g) if G has the propierties:

1. G has 3_, "% | gi(l) vertices, wich we shall denote by {i,1,t} for 1 <
i<p, 1<i<dand1<t<gi(l). The set of all vertices v;;; with the
same index 1 is called the i block, i.e. there are p blocks and the set of all
vertices with the same indices i and ! is called the (i, )-th level.

2. Each vertex is of degree 1.



3. Edges may pass only between vertices from different blocks, e.g. for each
edges w = (i, 1, 1,, Viy,l,,t,) in G we must have i; # i3, we shall always use
the convention that i) < i;. We shall denote by G(V) the set of all edges
in G. We shall write dy(w) = 1, d2(w) = i3, Li(w) =1; and La(w) = I,.

Now we formulate the following

Theorem 1 Suppose that H has the Hermile rank k and the correlation func-
tions ry; satisfy:

k
o' d .
_Z (Z |r,~,;(n)|) < 00 (2.1)

Put Ay = N2, Then

o2 = lim E(Z(H,))®
N—o00
N-1N-1
= Jim - Az 22 2 weg ), I rnwraw-v)
u=0 v=0 g o cA, GeT weG(V)

ezist for all r > k, where T =T (2,d,(gi,g;)) and

d
H.(Xy,...,X4) = Z CEHHﬂ(')(X') 2.2)
SEAr =1

and the infinite sum

00
ol = E af(oo
r=k

The finite dimensional distributions of processes ZN (H) defined in formula 1.3
tend, as N — oo, to the finite dimensional distributions of the process oZ},,
n € Z, where Z;, are independent standard normal variable.

3 Proof

In orden to prove Theorem 1 we need the following lemmas:

Lemma 1 ( Diagram Formula) Let (X} My X{‘n,,): h=1,...,p be a Gaus-
sian veclors. E(X;,,k) =0, E(X,,,l mp,) = r,,(m, —my); ri;(0) = 6;; Lk =

1,...,p. Then
p d
E (HH&.-(:)(KLJ) =y JZ,
s=1[=1

Ger



whereI' = T'(p,d,g), g = (81,--.,8p), & = (9i(1),...,9i(d)), m=(my,...,mp)
and

J& = H Ly (w)La(w)(Md, (w) — Md,y(w)
weG(V) .

This is a particular case of lemma given in [7]. The following is other version of
Diagram Formula, it can be found in [8], see also e.g. [10,6]

Lemma 2 Let (X1,...,X4,Xa41,...,X24) be a Gaussian random vector with
zero means and correlation matriz

= laxa A ). -
E_( At IdXd>,wheneA—

[

Prd+1 " Pr2d

Pdd+1 " Pd2d

Where pi; = E(X;X;) and Ijxq is identical matriz. Then

1.
d
E (H Hq‘(l)(XI)qu(l)(XI+d)) =0, if ZQi(l) # E‘Ij(l)
i=1 i I
2,
d 24 4 ’
. Ho,n(X0)Ho;(n(Xiaa) | _ 5
!q"%ZG:ATE(,l;II g:(1)'g; (D! ) - (jzl-;-l ;p,,)
3.

r!z

Qa,q,'GA'

d
Houny(X)Hy;0)(X144)
§ (E a:(D'g; (D! )

(£ 5w

j=d+41 i=1

4. If Xi = Xiya for i < d then:

0, otherwise

d
E(HHq.-a)(x,-)Hq,-<z>(X.~+d)> ={ G- a(@) D =g;()) VI=1,....d

=1

where A, = {q/ r = q(1) + - -- + ¢(d)}

We shall call a diagram regular if its blocks can be paired in such a way that
no edge passes between blocks in different pairs.



Lemma 3 IfG € I'(p,d, g) is not regular diagram, then for everyj = (j1,...,Jp)
occurs that

Jdim N7PER TN T v e)za)(May ) = M) = 0
me M, (j,N) we G(V)

where m = (m,y,...,my) and
My, = M,(j,N)={m/n;; N <m; <(nj, + )N -1, foralll<i<p}

proof Using

d Ka(i)
II  Irneswm)] < (Z Iru(m)l)

weG(V)/ di(w)=i =1

where K (i) is the cardinality of the edges w € G(V') such that d;(w) = ¢ and
calling r(m) = kal r; f(m), then the lemma can be proved in the same way
as in [1].

Let us return to the proof of the Theorem 1.
Choose any 0 < A < 1 and choose a constant @Q such that for all n, |n| > Q

d
Y lra(m)i<a<
i

Let H, defined in ( 2.2). Then by lemma 1

E (Zr)sv(Hr'))2 =
1 d d
= 2 El X q[[Hao(X)) X cg [ Huo(X])
N (G1.2)eBa(0.N)  \g,eA, =1 g.€A, 1=l

d
1 I i
oz ) Y cgicgE (H Hﬂx(’)(ij)Hya(')(ng))
I=1

(i1,J2)€BZ(O,N) g, gaeA,
where I' = T'(2,d,(g;,82)) and
Bq = {(j1,j2)/ lir — j2} £ Q and ji, j2 € B(0, N)}
By Cauchy-Schwarz and lemma 2 we obtain

E(zY(H.)’ <



i}zv S gl T[0!

Inl<Q g, €A, =1

. d
Tz 2 > (N =In]) (eru(n)l) ( CEHg(I)!)
|"|>Q geA, =1

=1

< —Az— 3 Lo+ X5 3 (zdj ..(n)l)r

N geA, =1 N |al>q \i=1

(2.1) and ( 1.2) imply that E (ZY(H,))’
We can restrict ourselve to the case when H is a polynomial orden T, since

E |ZN(HT) - zN(H)|2 <

Z 5 & [To! + IR ZA' > (Zd: |r,-:(n)1)k

r=T EGA =1 r=T |n|>Q it=1

— 0, as T — oo
uniformly in N and n, where
T d
Hr(Xy,...,Xa)=)_ Y cg [[Hon(X1)
r=k gGAr =1
be a truncated Hermite expansion of H.
Let y = Y b,Z)(H), wheren, € Zand b, €R, s=1,...,u
s=1

In orden to prove our Theorem we can see that

u pl/2
i Po= (p-1)H 252 if p=
NlT;oE(EN) (p— 1! (;b,a ) ifp=2¢ (3.1)

The proof is by induction under ¢. We will introduce a similar notation to the
used in [5]
Let j = (jly LR ’jp)1 g= (811 ce 75}7) with & = (gl(l)) ‘e )gt(d))
Jp = {(0,8)/1<Ljicuforall1<i<pand0<gi(l)<Tforalll1<i<yp
and1<I<dand k< gi(1)+---+gi(d) <Tforall1<i<p}



4
I_I i) Cg HCs.

i=1

Thus, by lemma (1)

EEy)y = E bjeg Ay’ Z E H Ly(w)La(w){(Md, (w) — May(w))

(8)eJs meM, GET weG(V)
= D bjegAy D D IF (3.2)
(8J)€J, meM, GeT .

For ¢ = 1, it i8 easy to see, taking into account the condition 2.1 that if
J1 # jo then:

AV 20 2 Il rwraw)(mi —ma) —o0

meM; GET we G(V)
where My = M3((j1,72), N)

Thus, using lemma 3 and ( 3.2), we obtain

Jim E(Sy)? = ‘sz 2

Suposse that 3.1 holds for ¢ — 1. In the limit of ( 3.2), by lemma 3, only the
regular diagrams count.
Let G € T'(p,d,g) a regular diagrams, then we can see G(V) as G¥(V) U

GY(V), for a only i > 1 and uniques

GY €T(p-2,d,(g1,8)) =T, G"er(d,gh)=rb

where 81'. = (82) ey Bim 1!8l+l) .. )S}))

Let m!* = (my,m;), m' = (ma,...,mi_1,mi41,...,mp) Hence, by ( 3.2),
we have
. — mh mh
Im BN = Ay X Tue ¥ X g
(8J)€J, MEM, i=2 GUer™ chern
P
= ngrgoz (AI_\12 Z Z bj, bj;cq,cq; z 'JGI-'
i=2 ((51,4+),(91,9:))€Ja MeM, Gligrts
p-2
‘A;’(p—2) Z Z Hbjlcjl E JCT)
(BJ)€dp—a MEM,_3 I=1 Gel(p-2,d,8)

mh

)



Using inductive hypothesis, for 1 and ¢ — 1 we finally obtain:

L:_!
) 4 u u 2
Jim E(Evy = Z( b,a2) (Eb,.ﬂ)
- =2 \s=1 s=1
u p/2
= (p-1) (Eb,az)
=1
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