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Dedicated to the memory of the late Professor Rodolfo Ricabarra

Abstract
The object of the present article is to describe some of the most important results in the theory of

the Dobrakov integral, emphasizing particularly those results which are not shared by other classical
Lebesgue-type generalizations of the abstract Lebesgue integral.

1 Introduction

Among the various Lebesgue-type integration theories, the important ones are the following:

(a) Integration of scalar functions with respect to a o-additive scalar measure-usual abstract Lebesgue
integral.

(b) Integration of vector functions with respect to a o-additive scalar measure-the Bochner and the
Pettis integrals.

(c) Integration of scalar functions with respect to a o-additive vector measure-spectral integrals,the
Bartle-Dunford-Schwartz integral.

(d) Integration of vector functions with respect to a o-additive vector measure-the Bartle integral.

(e) Integration of vector functions with respect to an operator valued measure of finite variation on a
#-ring-the Dinculeanu integral.

(f) Integration of vector functions with respect to an operator valued measure of finite semivariation
on a é-ring-the Dobrakov integral.

To consider the abstract Lebesgue integral, let (T, S) be a measurable space and let g : § — [0, o0]
or @ be o-additive with p(@) = 0. Let f : T — @ be an S-measurable function. Then f is p-integrable
if and only if [.|f|dv(p) < co and hence if and only if |f| is y-integrable. We shall describe this as the
property of absolute integrability of the abstract Lebesgue integral. In this terminology, the Bochner
and the Dinculeanu integrals generalize the abstract Lebesgue integral so as to maintain the property of
absolute integrability. See Section § for details.

Again, for a p-integrable scalar function f, the set function v(.) = f(.)fd;z is o-additive, so that

-7 v(E;) is unconditionally convergent whenever (E;)7° is a disjoint sequence in S. Let us refer to this
as the property of unconditional convergence of the integral. Then the Bartle-Dunford-Schwartz integral,
the Bartle integral and the Dobrakov integral have only the property of unconditional convergence and
not that of absolute integrability.

Dobrakov, adapting suitably the proceedure followed in [2,22], developed his theory of integration
exhaustively over a long period of 18 years since 1970, and published a series of 8 papers [7-13,20] on
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the theme. The object of the present article is to describe some of the most important results in his
theory, emphasizing how some of them are not shared by other Lebesgue-type generalizations. Here we
also include some of his unpublished results such as Example 1, Theorem 16,etc.

Like the other integrals, Dobrakov integral too coincides with the abstract Lebesgue integral when
the functions and the measure are scalar valued. But, for the vector or operator case, the Bochner,the
Dinculeanu and the Bartle integrals are only special cases of the Dobrakov integral. In fact, the reader can
observe in Section 8 that the Dobrakov integral gives a complete generalization of the abstract Lebesgue
integral,whereas the other integrals give only a partial generalization. Moreover, the Dobrakov integral
is related to the topological structure or dimension of the range space of the operator valued measure,
unlike the other Lebesgue-type generalizations.(See Section 7). y

2 Preliminaries

In this section we fix notation and terminology and give some definitions and results from the theory
of vector measures.

T denotes a non void set. P(resp. S) is a é-ring (resp. a o-ring) of subsets of T. o(P) denotes the
o-ring generated by P. JK denotes the scalar field IR or €. X, Y, Z are Banach spaces over /K with norm
denoted by |- |- When X and Y are over the same scalar field K, L(X,Y) denotes the Banach space of
all bounded linear transformations T': X — Y, with |T| = sup{|Tz|: |z| < 1}. The dual X* of X is the
Banach space L(X, K'), K being the scalar field of X.

co i1s the Banach space of all scalar sequences (A,) converging to zero, with |(A;}] = sup |An|. The

n
Banach space X is said to contain a copy of ¢g if there is a topological isomorphism & of ¢y onto a
subspace of X, and, in that case, we write ¢co C X. Otherwise, we say that X contains no copy of ¢g and

write co & X.
The following theorem of Bessaga-Pelczyiiiski [3] characterizes the Banach spaces X which contain no

copy of cg.

Theorem 1 The Banach space X conlains no copy of co if and only 1if every formal series E;’o z, of
vectors in X satisfying 3 1 |#*(xn)| < 00 for each z* € X* is unconditionally convergent in norm.

Definition 1 A set funtion v : P — X is called a veclor measure if it is additive; i.e., if y(AU B) =
v¥(A) + ¥(B) for A,B € P with AN B = 0. The vector measure v : P — X 1is said to be o-additive if
[y (U 4i) = 2T 7(Ai)) — 0 as n — oo, whenever (A;){° is a disjoint sequence in P with | J7° A; € P.
Then v (U7 As) = 207 7(A:).

Definition 2 A family (vi)ier of X-valued o-additive vector measures defined on the o-ring S is said to

be uniformly o-additive if, given ¢ > 0 and a sequence A, \, § of members of S, there exisls ng such that
sup;es [1i(An)| < € for n > no.

The following theorem plays a crucial role in the definition of the Dobrakov integral.

Theorem 2 (Vitali-Hahn-Saks-Nikodym-VHSN) Suppose 1, : S — X, n=1,2,..., are o-additive
and suppose thal lim, v,(E) = y(E) exists in X for each E € S. Then v,, n = 1,2,..., are uniformly
o-addilive and consecuenlly, v 1s a o-addilive vector measure on S.

The above theorem is proved for a o-algebra § in Chapter 1 of [5]. However, the result is easily
extended to a o-ring S.



Definition 3 A set function  : § — [0,00] is called a submeasure if n(0) = 0, 9 is monotone (i.e.,
n(A) < n(B) for A,B € S with A C B) and subadditive (i.e., (AU B) < n(A) + n(B) for A,B € S).
A submeasure 17 on S is said to be continuous (resp. o-subadditive) if n(A,) \, 0 whenever the sequence

A \\ 0 in S (resp. if (U An) < 3.7 1(Ay) for any sequence (A,)5° in S).

Definition 4 Let v : P — X be a vector measure. Then the semivariation {|y|| : o(P) — [0,00] of v is
defined by

(A C P, disjoint, A € K, |A]| <1, re N}

[I71i(4) = sup{

i Aiv(AN A;)

for A € o(P). We define [|7[|(T) = sup{[l7[(4) : A € o(P)}. The supremation J of v is defined by
3(A) = sup{|7(B)| : B C 4, B € P}

for A € o(P) and we define ¥(T') = sup {7(A) : A € o(P)}.

Theorem 3 Let 4 : 0(P) — X be a o-additive vector measure. Then:

L Il ¥ : e(P) = [0,00) are continuous o-subadditive submeasures.

2. 7(A) <{lI(A) < 47(A) for A € o(P) and moreover, ||[7||(T) < oo.

3 Semivariation and Scalar Semivariation of Operator Valued
Measures

Since the Dobrakov integral of a vector valued function is given with respect to an operator valued
measure, we devote this section to define an operator valued measure m on P with values in L(X,Y) and
to introduce two extended real valued set functions m and ||m|| associated with m.

Definition 5 A set function m : P — L(X,Y) is called an operator valued measure if m()x : P - Y 1is
a g-additive vector measure for each ¢ € X; in other words, if m(-) is o-additive in the strong operator
topology of L(X,Y).

Unless otherwise specified, m will denote an operator valued measure on P with values
in L(X,Y).

Note 1 A g-additive scalar measure p on P can be considered as an operator valued measure p: P —
L(X,Y) with X = Y=IK, if we define y(E)x = p(E).z for E € P and z € X. A c-additive vector
measure ¥ : P — Y can also be considered as an operator valued measure v : P — L(X,Y) with
X = K, the scalar field of Y, if we define ¥(E)z = z.4(E) for E € P and z € X. Thus the notion of
an operator valued measure subsumes those of o-additive scalar and vector measures. We shall return to
this observation in Section 8.

Notation 1 We write (A;)] is (D) in P to mean that (4;)] is a finite disjoint sequence of members of
P.

The concept given in Definition 4 is suitably modified to define the semivariation of an operator valued
measure.



Definition 6 Let m : P — L(X,Y) be an operator valued measure. Then we define the semivariation
m(A), scalar semivariation ||m||(A) and variation v(m, A) on A € o(P)U{T} by

ZmAﬁA

C(AD] e (D)in’P,z;EX,lz;ISl,reﬂV},

m(A) = sup {

ST Am(ANAY|: (A)fis(D)inP, A €K, M| <1, € W}

[Im||(4) = sup {

and .

v(m, A) = sup {Z |m(A 0 A)| 2 (4)] is(D) in’P} .

Note that the scalar semivariation ||m|| is the same as that given in Definition 4, if we treat m as
an L(X,Y)-valued vector measure. Also observe that ||m||(T) = sup{||m||(A) : 4 € o(P)}, m(T) =
sup{m(A) : A € 6(P)} and v(m,T) = sup{v(m, A) : A € o(P)}

Note 2 When p(resp. ) is a o-additive scalar (resp. vector) measure, by Note 1 g (resp. ¥) can be
considered as an operator valued measure and, in that case, v(y, ) = {lg|| = £ (resp. (|7l = ¥).

Note 3 For an operator valued measure m on P, ||m|| < m < v(m,.). Moreover, ||m||(4) = 0 & m(A) =
0, A€ a(P).

4 X-valued P-measurable Functions

Since the integral is defined on a subclass of measurable functions, we give the notion of X-valued
P-measurable functions in a very restricted sense, involving only o(P) and not the operator valued
measure m on P. This definition is a natural extension of that of measurability for scalar functions
(see Halmos {23]). The success of the integration theory of Dobrakov lies in adopting such a
definition (See Definition 8) for P-measurability of X-valued functions, in stead of adapting
the classical measurability definition used in the theory of the Bochner integral.

Definition 7 An X-valued P-simple function s on T is a funclion s : T — X with range a finite sel
of vectors x1,Zy,. ..,z such that f~1({z;}) € P whenever z; # 0, i = 1,2,... k. Then an X-valued
P-simple function s is of the form

S—Z-"szA.» Nis(D)inP, z; #0, i =1,2,. (%)

Convention 1 Whenever an X-valued P-simple function s is written in the form s = ] z;xa,,
it is tacitly assumed that the A; and z; satisfy the conditions given in (x).

Notation 2 S(P,X) = {s : P — X : s P — simple} is a normed space under the operations of
pointwise addition and scalar multiplication with norm || - ||r given by ||sllr = maxser [s(t)] . Let
Ifllz = sup{|f(t)| : t € T} for a function f : T — X. Then S(P, X) denotes the closure of S(P, X) in
the space of all X-valued bounded functions on T" with respect to norm ||.||r.

Definition 8 An X-valued function f on T is said to be P-measurable if there exists a sequence (s,)$°
in S(P, X) such that sp(t) — s(t) for each t € T. The set of all X-valued P-measurable funclions is
denoted by M(P, X).



Notation 3 For a function f : T — X, N(f) denotes the set {t € T: f(t) # 0}.

Clearly, M(P, X) is a vector space with respect to the operations of pointwise addition and scalar
multiplication. The fact that M(P, X) is also closed under the formation of pointwise sequential limits
is an immediate consequence of the equivalence of (i) and (ii) of the following strengthened version of the
classical Pettis measurability criterion {see Theorem I11.6.11 of [22]). To prove the following theorem one
can use the notions of X-valued a-simple and P-elementary functions and modify the arguments given
in §1 of [25].

Theorem 4 For an X -valued function f on T the following are equivalent:
(i) f is P-measurable.

(ii) f has separable range and is weakly P-measurable in the sense that £*f is P-measurable for each
r* € X*.

(i11) f has separable range and f~'(E) N\ N(f) € 6(P) for each Borel set E of X.
Consequently, if f.(t) — f(t) € X for eacht € T and if (f,)* C M(P, X), then f € M(P, X).

Definition 9 A sequence (f,) of X-valued functions on T is said to converge m-a.e. on T to an X-
valued function f, if there ezists a set N € o(P) with ||m||(N) = 0(<> m(N) = 0) such that f,(t) — f(t)
foreacht e T\ N. If n:P — [0,00] is a submeasure, similarly we define n-a.e. convergence on T.

The following theorem plays a vital role in the development of the theory. For example, see the proof
of Theorem 6 below.

Theorem 5 (Egoroff-Lusin) Let 1 be a continuous submeasure on o(P) and let (f,)° C M(P, X).
Suppose there is a funclion fo € M(P, X) such that fu(t) — fo(t) n-a.e. on T. If F = 2o N(fn),
then there exists a set N € o(P) with n{N) = 0 and a sequence Fy / F\ N with (F;)° C P such that
fo = fo uniformly on each Fi, k=1,2,....

5 Dobrakov Integral of P-measurable Functions

As is customary in such theories, we first define the integral for s € S(P, X) and then extend the
integral to a wider class of P-measurable functions. The reader should note that the wider class,
called the class of the Dobrakov integrable functions, is not obtained as the completion
of S(P, X) with respect to a suitable pseudonorm. The extension proce dure given here is an
adaptation of that in [2] and its importance is highlighted in Note 5 below.

Definition 10 For an X-valued P-simple function s = Y | zixa,, we define

m(s, A) :/Asdm = im(AﬂA,-):r; €Y for Ae o(P)U{T}.

i=1
It is easy to show that m(s, A) is well defined.
Proposition 1 Let s € S(P,X) and A€ o(P)U{T}. Then:
(i) m(s, A) = m(s, AN N(s)).

(i) m(s,-) : 6(P) = Y is a o-additive vector measure.



(i11) m(-, A): S(P,X) =Y is linear.
(iv) When A is fized, m(-, A) : S(P, X) — Y is a bounded linear mapping if and only if m(A) is finite.

Since the finiteness of m on P is essential for the present extension proceedure, and since m(E) can
be infinite for some E € P even though P is a o-algebra (see Example 5, p. 517 of [7]), we make the
following assumption to hold in the sequel.

BASIC ASSUMPTION The operator valued measure m on P satisfies the hypothesis that
Mm(E) < 0o for each E € P.

We emphasize that m(T') is not assumed to be finite. If M(T) < oo, then the integrals«an be easily
extended to all f € S(P, X) (see Notation 2).

Notation 4 With the basic assumption holding for m, each s € S(P, X) is called a P-simple m-integrable
function and S(P, X) is now denoted by Z,(m), or simply by I, when there is no ambiguity about m.

The whole integration theory rests on the following theorem. Because of its undisputable importance,
we also give its proof.

Theorem 6 Let f € M(P,X). Suppose there is a sequence (5,)° C Z, such that s.(t) — f(t) m-a.e.
onT. Let v,(-) = f(') spdm 1 0(P) =Y, forn=1,2,.... Then the following are equivalent :

(i) limy, (A) = ¥(A) ezists in Y for each A € o(P).
1) 1, n=1,2,..., are uniformly o-additive on o(P).
¥
(iti) lim~y,(A) eztsts in Y uniformly with respect to A € o(P).

If anyone of (i),(it) or (iii) holds, then the remaining hold. Moreover, for each A € o(P), the limit is
independent of the sequence (s,).

Proof. By VHSN, (i)=(ii) and obviously (iii)=>(i). Now let (ii} hold.
Let
n(A) = Z -21— T A) A€ a(P).

Then, by Theorem 3(i), 5 is a continuous submeasure on o(P). Let F = {J° N(s,)|JN(f). By the
Egoroff-Lusin theorem there exists a set N € o(P) with 7(N) = 0 and a sequence Fy,  F\ N in P such
that s, — f uniformly on each Fy. As (F\ N)\ Fr \, §, given ¢ > 0, by (ii) there exists kg such that
I l((F\N)\ Fi,) < £ for all n. Since s, — f uniformly on F}, and as m(F},) < 0o (¥ Fi, € P), there
exists ng such that [[s, — sp([F,, M(Fk,) < § for n,p > no. Then it follows that

/sndm—/spdm’ < / sndm| + / spdm| + / (sn — sp)dm
A A (A\N)\Fx, (A\N)\Fx, (A\N)"Fy,

< all(FN NN Fio) + 1 ll(F\ N\ Fio) + lsn — spll 7, m(Fio )

< €

for all n,p > ng and for all A € ¢(P). Now (iii) holds as Y is complete.
Let (hy)$° C I, with h,(t) — f(t) m-a.e. on T. Let 4/(-) = f(_) h,dm, n=1,2,..., and let anyone
of (i), (ii) or (iii) hold for (¥,)5%;. Then by the first part 4;,, n = 1,2, ..., are uniformly o-additive. If



Wan = hn, Wan_1 = sp, n = 1,2,.. then wa(t) — f(t) m-a.e. on T and 7Ef) = f(_) wpdm : o(P) > Y,
n=1,2,..., are uniformly s-additive. Consequently, by the first part lif{n'y:,'(A) exists in Y for each A €
o(P). Then lif{nyn(A) = lif‘n'y;’n_l(A) = lif{n'y,’,’(A) and similarly, ]i"l‘Tl 1 (A) = ]if{n Y (A) for A € o(P).
Hence the last part holds.

The above theorem suggests the following definition for integrable functions.

Definition 11 A function f € M(P,X) is said to be m-integrable (in the sense of Dobrakov) if there
exists a sequence (s,)1° in I, such that s, — f m-a.e. on T and such that anyone of conditions (1), (ii)

or (iit) of Theorem 6 holds. In that case, we define
/ fdm:lim/ sndm , A€a(P)u{T}.
A " Ja

The class of all m-integrable functions is denoted by I(m), or simply by T if there is no ambiguily about

m.
In the following theorem we list the basic properties of Z(m) and the integral. (Cf. Proposition 1.)
Theorem 7 I Let f €T andlet v(-) = f(,)fdm :0(P) — Y. Then the following hold:
(a) 7(-) is a Y-valued o-additive vector measure and hence the Dobrakov integral has the property

of unconditional convergence (see Introduction).

(6) v << [Iml| (resp. v << m) in the sense that, given ¢ > 0, there exists § > 0 such that
[|m||(E) < é (resp. m(E) < §) for E € o(P) implies |y(E)| < e.

(c) T is a vector space and for a fizred A € o(P), the mapping f — fA fdm is linear on T.

(d) I, C T and for s € I,, the integrals given in Definitions 10 and 11 coincide.

(e) If p is a bounded P-measurable scalar function on T and if f € I, then p.f € T. Consequently,
if s €, and p is not P-simple, then p.s €T and p.s ¢ T,.

II. LetU € L(Y,Z). Ifm : P — L(X,Y) is o-additive in the strong (resp. uniform ) operator topology,
then the following hold:

(a) Um : P — L(X, Z) is o-additive in the strong (resp. uniform ) operator topology.
(%) Um < |U|m on o(P). Thus Um is finite on P.
(c) Z(m) CZ(Um) and for f € I(m)
U (/ fdm) = / fd(Um), Aeceo(P)u{T}.
A A

Theorem 8 For f € I, there ezisls a sequence (s;) tn I, such that s,(t) — f(t) and |s,(t)] /7 |f(2)]|
for allt € T and such that

li,{n/AS” dm:/Afdm, A€ es(P)u{T}. (8.1)



Consequently, for each A € o(P)

#(A) = sup {

Afdm

Note 4 Unlike the abstract Lebesgue integral and the Bochner integral there is no guarantee
that (8.1) holds for any sequence (s,) in Z, with s,(t) — f(t) and [s,(¢)| / |f(t)| for all t € T.
Cf. Corollary 1 of theorem 15 below.

/Afdm, e T(m), |flla < 1}

so that
<m(A).||flla for fE€T and for A€ o(P)UL{T}.

Theorem 8 is needed to prove the following closure theorem, which is one of the important results
that distinguish the Dobrakov integral from the other theories of Lebesge-type integration. See Note 5

below and Section 8.

Theorem 9 (Theorem of closure or interchange of limit and integral) Suppose (fo)° CZ, f €
M(P,X) and fn — f m-a.e. onT. Let yo(-) = f(_)f,, dm :o(P) > Y forn = 1,2,.... Then the

following are equivalent:
(i) limy,(A) = ¥(A) ezists in Y for each A € o(P).
(1) Yo, n = 1,2,..., are uniformly o-additive.
(111) li:n‘yn(A) = ¥(A) ezists in Y uniformly with respect to A € a(P).

If anyone of (i), (ii) or (iii) holds, then the remaining hold, f is also m-integrable and

dm = limf,)dm =1 ndm , A . .
/Af m /A(l'{nf) m 17511/;]’ m € o(P) 9.1)

Note 5 (i) The above theorem is called closure theorem since the extension process stops
with Z(m). In other words, if the proceedure in Theorem 6 is repeated starting with
sequences of m-integrable functions instead of sequences in Z,(m), we get back only the

class I(m) and no new function from M(P, X) is included.

(ii) Equation (9.1) shows that Theorem 9 gives necessary and sufficient conditions for the
validity of the interchange of limit and integral. In the classical abstract Lebesgue
integral, the bounded and the dominated convergence theorems give only sufficient
conditions for its validity. Again, only these theorems are generalized to vector case
in the distinct Lebesge-type theories of integration referred to in the introduction. Cf.

Theorems 15 and 17 below.



(iii) We also note that Z(m) is the smallest class for which Theorem 9 holds. More precisely,
let J(m) be another class of X-valued P-measurable functions which are m-integrable,
in a different sense and let the integral of f € J(m) be denoted by (J) f(_)fdm. If
[,8dm = (J) [, sdm for s € Z,(m) and for A € ¢(P) and if Theorem 9 holds for J(m)
also, then Z(m) C J(m). This observation will be used later in Section 8 in studying the
relation between the Dobrakov and the Bochner integrals with respect to a s-additive

scalar measure.

Now we pass on to the study of weakly m-integrable functions.

Deﬁnitioﬁ 12 A function f € M(P,X) is said to be weakly m-integrable if f € I(y*m) for each
¥y eY*.

Theorem 10 Let f € M(P,X). Then:

(i) If f € Z(m), then f is weakly m-integrable and
y*(/ fdm) :/ fd(y*m), A € o(P), ¥ € Y*.
A A
(i1) Suppose co ¢ Y. Then f is m-integrable if and only if it is weakly m-integrable.

(111) f € I(m) if and only if it is weakly m-integrable and for each A € o(P) there exists a vector ya €Y
such that

¥ (ya) = /A fd(y*m),

for each y* € Y*. In that case, y4 = [, fdm, A € o(P).

Note 6 Ifcog C Y, then we can give examples of functions f € M(P,X) which are weakly m-integrable,
but not m-integrable. See Example on p.533 of [7].

6 The L;-Spaces Associated with m

In the classical Lebesgue-type integration theories, integrable functions are obtained as those measur-
able functions which belong to the completion of the class of all integrable simple functions with respect
to a suitable pseudonorm. But, as the reader would have observed in the previous section, the class I(m)
is defined without any reference to a pseudonorm on I,(m)-a distinguished feature of the Dobrakov inte-
gral. The proceedure adopted by Dobrakov is a modification of that of Bartle-Dunford-Schwartz {2,22]
given in connection with integration of scalar functions with respect to a o-additive vector measure. See

Section 8 below.



Interpreting the semivariation m(A) as m(xa), Dobrakov modified Definition 6 suitably in [8] to de-
fine m(.,T) : M(P, X) — [0,00) and showed that m(f,T) is a pseudonorm whenever it is finite. Using
m(f,T) for f € M(P,X), four distinct complete pseudonormed spaces are defined, which we denote by
LiM(m), L1Z(m),L1Z,(m) and L1(m). The corresponding quotient spaces, with respect to the equiv-
alence relation “f ~ ¢ if and only if f = g m-a.e.”, are called the L;-spaces associated with m. While
the classical Lebesgue-type integration theories induce only one L;-space, Dobrakov’s theory, being most
general, gives rise to four such spaces, and when the Banach space ¢y ¢ Y it turns out that all these

.

spaces coincide.

Definition 13 Let g € M(P,X) and A € o(P). The L,-gauge m(g, A) of g on the set A is defined by

e, 4) = supd| | 1am|: 1 € Zow) 1FO1 < o) fort € 4)
and the Li-gauge m(g,T) = sup{m(g, A) : A € 6(P)}.

The following proposition lists some of the basic properties of m(-, -).

Proposition 2 Let f,g € M(P,X) and let A € o(P). Then:

(i) m(f,") is a o-subadditive submeasure on o(P).
(i6) (f, 4) < (g, A) if |F(0)] < lo(t)] meac. in A,
(1) m(f, A) = sup{| [, hdm|: h € Z(m),|h(t)| < |f(t)| fort € A} and consequently,
| [ g < (s, 4) for £ € Z(m).
A
(iv) m(f +g,A) < m(f, A)+ m(g, A) for each A € 0(P) and consequently,

m(f+9,T) <m(f,T)+ m(g,T).

In the light of Proposition 2(iv),{f € M(P,X) : m(f,T) < o} is a pseudonormed space and so we

are justified in calling m(f,T) as Li-psedonorm of f.

Definition 14 A sequence (gn){° of functions in M(P,X) s said lo converge in L,-mean (or in L;-
pseudonorm) to a function g € M(P,X) if M(gn — 9,T) — 0 as n — oo; the sequence (gn)° is said to

be Cauchy in Li-mean if M(g, — ¢p,T) — 0 as n,p — oo.

We observe that for g € M(P,X),m(g,T) =0 if and only if ¢ = 0 m-a.e. on T.
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Definition 15 Two functions f and g in M(P,X) are said to be m-equivalent if f = g m-a.e. onT.

In that case, we write f ~ g [m], or simply f ~ g when there is no ambiguily about m.

Obviously, ~ is an equivalence relation on M(P, X) and for f,g € M(P,X), f ~ g if and only if
m(f — ¢,T) = 0. Also it is easy to verify that L,-mean convergence determines the limit uniquely in the

equivalence classes of M(P, X).

Theorem 11 Let (f,)7° C M(P, X) be Cauchy in Ly-mean. Then:
(i) There exists f € M(P, X) such that f, — f in Li-mean.
(i1) If ea.éh fn is m-integrable, then the same is true for f.

(t31) If the submeasure m(fn,") is conlinuous on o(P) for each n, then the submeasure m(f,") is also

continuous on o(P).(See Definition 3.)
Now we give the definition of the £;- and L;-spaces associated with the operator valued measure m.

Definition 16 Let L1M(m) (resp.L1I(m)) be the set {f € M(P,X) : m(f,T) < oo} (resp. the sel
{f € I(m) : m(f,T) < oo}. The closure of I,(m) in L1 M(m) in L,-mean is denoted by L£1Z,(m). The
set {f € M(P,X) : m(f,) continuous on o(P)} is denoted by L1(m).

By Proposition 2(iv), L1 M(m), £L1Z(m), £1Z,(m) and L£;(m) are pseudonormed spaces with respect
to the pseudonorm m(-,T) and consequently, the corresponding quotient spaces with respect to ~ are
normed spaces and are denoted by Ly M(m), LiZ(m), L1Z,(m) and L,(m), respectively. These spaces
will be referred to as the £1- and L,-spaces associated with m. Results (i) and (ii) of the following

theorem are immediate from Theorem 11.

Theorem 12 (i) The spaces L1M(m), L,I(m), L1Z,(m) and L1(m) are complete pseudonormed
spaces. Consequently, LyM(m), LiI(m), L1Z,(m) and Li(m) are Banach spaces.

(#1) If the Banach space co ¢ Y, then

ElM(m) = EII(m) = LII,(m) = El(m)

(iv) L1Z,(m) = L1(m) if and only if the semivariation m(-) is continuous on P.

By using Theorem 1 it can be shown that m is continuous on P and m(yg,-) is continuous on o(P)
for g € £L1M(m), whenever the Banach space cg ¢ Y. This fact gets reflected as result (iii) of the above

theorem.
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Note 7 When ¢g C Y, il can happen that ElM(m)gL:lZ(m)gﬁll,(m)gﬁl(m), as is tllustrated in the
following example.

Example 1 LetT = IN,P = P(IN), X be the real space |, and Y the real space c¢g. For x = (21, 21,

) €
Iy, let us define

{ m({1})z = (21,0,0,..)

{ m({2})e = (0,?3,0,0,...) '
m({3})z = (0,575,0,0,...)
m({4}z = (0,0, %x—,-,0,0, )

{ m({5})z = (0,0,§x9,0,0,..)
m({6})z = (0,0,3211,0,0,...)

and so on. For EC INlet m(E)z = 3, cpm({n})z f E# 0 and m(E) =0 if E = 0. Then it can be
shown that m : P — L(l1, ¢o) is o-addilive in the uniform operator topology.Clearly m(T) = 1.

Let f(n) = eyn,n € IN, where e, = (0,0,...,0,1,0,...) € l;.Let g(n) = egn—1,n € IN. Then
: N e’

f,g € M(P,X). Clearly,f is m-integrable and o';)viously,fA fdm = 0 for each A € o(P). By Propo-
sition 2(iii) and Theorem 8, m(f,T) < ||f|lrm(T) < 1, and hence f € L,I(m). Since Mm(-) is not
continuous on o(P) = P, il can be shown that f is nol approrimable by a sequence (s,);° C I,(m) in
Ly-mean. Thus f ¢ £1Z,(m). This shows that L:lZ(m)?ElZ,(m).

For the function g defined above we have

1 1
/ gdm = el;/ gdm = / gdm = —ez;/ gdm = / gdm = gdm = —e3
(1) {2} {3) 2 S {5) {6} 3

and so on. This shows thal

Z/ gdm:Zek¢co
1 YA{n} 1

and hence g is nol m-integrable. However, m(g,T) < |lg|lrm(T) = 1.

= Thus ¢ € LiM(m), but
g & £L1Z(m). This shows that ElM(m)gLle(m),

Since m(-) is not continuous on P, by Theorem 12(iv) we have Lll,(m)gﬁl(m).

Thus, for the present chotce of P, X,Y and m we have shown that

12



From the above results we observe that the Dobrakov integral is related to the topological
structure of the underlying Banach space Y such as ¢ ¢ Y or ¢ C Y. A similar involve-

ment of the space Y is absent in other Lebesgue-type integration theories. See Section 8 below.

Now we take up the study of the separability of the L,-spaces.
Definition 17 Lel P; = {E € o(P) : m(E) < o0}. We define p(E, F) = m(EAF) for E,F € P;.

Clearly, p is a pseudometric on P;. It is routine to verify that (P, p) is complete. In terms of p we

have the following sufficient condition for the continuity of m(-) on P.

Theorem 13 If (P,p) is separable, then the semivariation m(-) is continuous on P. Consequenily,
L1Z,(m) = L1(m) (by Theorem 12(iv)). More generally, if  is anyone of the spaces L M(m), L£1Z(m),
L1Z,(m) or L1(m) and if Q is separable, then Q = L1(m).

Since any separable £;-space coincides with £1(m), it follows that only the space £;(m) can be sep-

arable. Now we shall give a characterization of separable £,(m).

Theorem 14 Let L1{m) be non trivial. Then it is separable if and only if the space (Py, p) and X are
separable, where Pg = {A € P: m(ANE,) \, 0 for each sequenceE, \, 0 in o(P)}. Consequently, if Py
ts the 8-ring generated by a countable family of sets and if X is separable, then £,(m) is separable.

Note that the last part of the above theorem generalizes its corresponding classical analogue.

7 Generalizations of Classical Convergence Theorems to £,(m)

The Lebesgue dominated convergence theorem (shortly, LDCT),the Lebesgue bounded convergence
theorem (shortly, LBCT) and the monotone convergence theorem (shortly, MCT) are suitably generalized
to the space £1(m). The space £;1(m) is characterized as the biggest class of m-integrable functions for
which LDCT holds. Also Theorem 8 is strengthened for functions in £;(m) as shown in Corollary 1 of
Theorem 15. Finally, the complete analogue of the classical Vitali convergence theorem also holds for

this class.

Theorem 15 (LDCT)Suppose (fn)° C M(P,X) and f € M(P,X) and suppose f, — f m-a.e. on T.
If there is a function g € L1(m) such that |f,(t)| < |g(t)| m-a.e. on T forn=1,2, ..., then f, f, € L1(m)
forn=1,2,.., and m(f, — f,T) — 0. Consequently,f, f, € I(m) forn=1,2,..., and

lim /A fodm = /A fdm
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uniformly with respect to A € o(P).
The following corollary gives a strengthened version of Theorem 8 for functions in £;(m).

Corollary 1 Let f € L1(m). Then for each sequence (s,)5° in Z,(m) with s, — f and |s,| 7 |f| m-a.e.
onT,

lim/ s,,dm:/ fdm

" JaA A

Now we give a characterization of the space £(m) in terms of LDCT.

uniformly with respect to A € o(P).

Theorem 16 (A CHARACTERIZATION OF L,(m)) A function g € M(P, X) belongs to L£,(m) if and
only if every f € M(P,X) with |f| < |g| m-a.e. on T is m-integrable. (In that case, f € Li(m).)
Consequently, Li1(m) is the largest class of m-integrable functions for which LDCT holds in the sense
that, if the hypotheses that f, fo,n = 1,2,..., are in M(P,X), f, — f m-a.e. on T and there ezists
g € M(P, X) such that |fn]| < |g| m-a.e. imply that f, f, € I(m) forn=1,2,..., then g € L1(m).

Now we state the generalized Lebesgue bounded convergence theorem.

Theorem 17 (LBCT) Suppose m(-) ts continuous on o(P),or equivalently, suppose every bounded f €
M(P, X) is m-integrable. Let f, fo,n=1,2 ..., be in M(P,X) such that f, — f m-a.e. on T. If there
is a finite constant C such that |fo(1)] < C m-a.e. on T forn =1,2,.., then f, fo € Li(m) for all n,

lim /A fadm = /A fdm

The reader is referred to [8] for the generalization of the Vitali convergence theorem to £,Z,(m),

m(fn— f,T) — 0 as n — oo and
uniformly with respect to A € o(P).

and to [10] for the generalizations of the MCT and the Vitali convergence theorem to £1(m). Another
theorem, called diagonal convergence theorem, is given in [9] with many interesting applications. Because

of lack of space, we omit their discussion here.

8 Comparison with Classical Lebesgue-type Integration The-
ories

As mentioned in the introduction, the Dobrakov integral is now compared with the abstract Lebesgue
integral, the Bochner and the Pettis integrals, the Bartle-Dunford-Schwartz integral, the Bartle bilinear
integral and the Dinculeanu integral. As observed in Note 1, the reader can consider a o-additive scalar

or vector measure as a particular case of an operator valued measure by taking X = X, or I = X and
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X =Y, respectively. Thus the comparison is possible.

Here it is observed that the Dobrakov integral is the same as the abstract Lebesgue integral when
the functions and the measure are scalar valued (Theorem 18). Moreover, it is pointed out that the
Dobrakov integral is the complete all pervading generalization of the abstract Lebesgue integral, while
the other integrals such as the Bochner,the Bartle and the Dinculeanu integrals generalize only partially.
See Theorem 19 and the comments following Example 2, and Theorems 21 and 22 along with the com-
ments following Example 3. In the case of the Pettis integral, for X-valued P-measurable Yunctions, the

concepts of integrability and integral coincide in both the theories.(See Theorem 20(1)).
(a) The abstract Lebesgue integral

Let p : S — [0,00] or € be g-additive and let P = {E € S : v(u, E) < oo}. Since each p-integrable
function f has N(f) o-finite, it follows that f is P-measurable in the sense of Definition 8. By Note 1,
 is an operator valued measure with u(F) € L(K, K) for E € P.

Theorem 18 Let S, pu and P be as above. A scalar function f on T is py-integrable in the usual sense if
and only if it is Dobrakov p-integrable and moreover, both integrals coincide on each A € S. Thus I(u)

coincides with the class of all p-integrable (in the usual sense) scalar functions. Further,

A, A) = / fldo(s,), A€S

and I(p) = LaM(p) = L1I(p) = L£1Z,(p) = L1(p)-

(b) The Bochner integral {22,24]

Let S, pu,P, be as in (a). If fis an X-valued Bochner p-integrable function, then N(f) is o-finite and
consequently, f is P-measurable in the sense of Definition 8. Take Y = X and consider p(E) as the
operator p(E)I, where [ is the identity operator on X.

Theorem 19 Let S, u, P be as in the above. If f is an X -valued Bochner p-inlegrable function, then f is
Dobrakov p-integrable and both integrals cotncide on each A € S. Consequently, if 6 is a compler Radon
measure in the sense of Bourbaki [{] on a locally compact Hausdorff space T, and if pg is the complex
measure induced by 0 in the sense of [29,31], then each function f : T — X which is O-integrable in the
sense of Bourbaki [{] is pg-integrable in the sense of Dobrakov and both integrals coincide on each Borel

subset of T. (See also [30]).

It is well known that an X-valued P-measurable function f is Bochner pu-integrable if and only if

Jp |fldv(p, ) < oo. As the following example illustrates, when X is infinite dimensional there exist X-
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valued functions on T which are Dobrakov p-integrable,but not Bochner u-inegrable for a suitably chosen

o-additive scalar measure.

Example 2 Let dim X = oo and choose by the Dvoretzky-Roger theorem in [5] a sequence (z,)5° in X
such that y_ z, converges uncondilionally in norm, with ) |z,| = co. Let S = P(IN) and p(E) = {E
if £ 1s finile and u(F) = oo otherwise. Let P = {E C IN : E fintte}. If f(n) = z,,n € N, then f is
P-measurable and by the unconditional convergence of ) &, it follows that f is Dobrakov u-integrable.

Bul f is not Bochner p-integrable, since [p |fldp =37 |&n| = oo. .

Since dim X = oo is the only hypothesis that was used in the above example, we can state the following:

When dim X = oo, one can always define P and a o-additive scalar measure ¢ on P such
that the class of all Bochner u-integrable X-valued functions is a proper subset of Z(y). In
that case, by Note 5(ii1) the theorem on interchange of limit and integral is not valid for

the class of the Bochner p-integrable functions.

Recall that an X-valued P-measurable function is Bochner p-integrable if and only if |f| is v(y, .)-
integrable and hence, in terms of the terminology given in the introduction, the Bochner integral
generalizes the abstract Lebesgue integral in such a way as to maintain the property of ab-
solute integrability. On the other hand, the Dobrakov integral maintains only the property

of unconditional convergence, and not that of absolute integrability.

Finally, for an X-valued P-measurable function f it can be easily verified that i(f, A) = [, |fldv(g,-)
for A € o(P) and hence f is Bochner p-integrable if and only if zi(f,T) < co. In that case, f(f.:): S —
[0,00) is a o-additive finite measure and hence is continuous on §. Thus the class of all Bochner

p-integrable functions coincides with Ly M(u) = £,Z(p) = £1Z,(p) =L1(1) of Dobrakov.

The above observation motivates the following

Definition 18 For an operator valued measure m, the associted space £L1(m) ( or Li(m)) is called the

Bochner class of m.

(¢) The Pettis integral [24]

Let S, u,P be as in (a). Recall that an X-valued weakly P-measurable function f is said to be Pettis
integrable if z* f is p-integrable for each 2* € X* and if for each A € o(P) there exists a vector z4 € X
such that

*(za4) = /A z* fdu.
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In that case, the Pettis integral of f over A is defined by

(P)/Afdu::cA, A € o(P).

Considering u(E) as pu(E)I € L(X,X), one can compare the Pettis integral with the Dobrakov

integral. In fact, the following theorem describes their relationship.

Theorem 20 Let S, 1, P be as in the above. Lel f be an X-valued function on T. Then the following
hold: .

(i) If f € M(P,X), then il is Pellis p-inlegrable if and only if il is Dobrakov p-inlegrable and both

integrals coincide.

(ii) There ezist weakly P-measurable functions which are not P-measurable. Hence there ezist functions

which are Petlis integrable, but not Dobrakov integrable.

(d) The Bartle-Dunford-Schwartz integral {2,22]

When P is a o-algebra, the Dobrakov integral of a P-measurable scalar function with respect to a
o-additive vector measure v on P (see Note 1) is the same as the Bartle-Dunford-Schwartz integral. This
is not surprising, since Dobrakov adapted the proce:dure followed in [2] to define the integral of vector
valued functions with respect to an operator valued measure and since ||y|| = ¥ (see Note 2). Note that
this integral maintains only the property of unconditional convergence and not that of absolute integra-

bility.
(e) The Bartle integral [1]

Bartle has developed a theory of integral in [1] for X-valued functions with respect to a set function
p:S — L(X,Y), where p is o-additive in the uniform operator topology and S is a g-algebra of sets. We
shall refer to this integral as the Bartle integral. Further, when u satisfies the condition (%) on p.346 of

[1],we shall call it (%)-integral of Bartle.From the discussion on p.535 of [7], we have the following results.

Theorem 21 Letm :S — L(X,Y) be o-additive in the uniform operator topology,where S is a o-algebra.
Then the following hold:

(i) The Bartle integral maintains the property of unconditional convergence.
(i1) Each X -valued Bartle m-integrable function is Dobrakov m-integrable and both integrals coincide.

(i) m(-) is continuous on S if and only if m satisfies the (x)-condition of Bartle. Thusif m(-) is
continuous on S (for example, if co ¢ Y),then the theory of (x)-integral of Bartle is the

same as the theory of the Dobrakov integral.
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(iv) The function f in Ezample I above is not even measurable in the sense of Bartle (and hence not
Bartle m-integrable). Thus the theorem on interchange of limit and integral is in general

not valid for the class of all Bartle m-integrable functions (see Note 5(iii)).

In [1] the Bartle (x)-integral is compared with other Lebesgue-type integrals that are not discussed

here. The reader is referred to [1].
(f) The Dinculeanu integral [6]

In [6] Dinculeanu has developed a theory of integral for vector valued functions with respect to an
operator valued measure m of finite variation on a é-ring P. Since m(-) < v(m,-) on ¢(P) and N(f) is

o-finite with respect to v(m, ), the following result holds.

Theorem 22 Let m : P — L(X,Y) be an operator valued measure of finite variation. If f : T — X is
m-inlegrable in the sense of Dinculeanu, then f is Dobrakov m-integrable, both integrals coincide on each
A € o(P) and f belongs to the Bochner class of m (see Definition 18). Moreover, a function f € M(P, X)
1s Dinculeanu m-integrable if and only iffT | fldv(m, ) < oo and hence the Dinculeanu integral maintains

the property of absolute integrability.

Example 3 Let T = IN and P = {E C IN, E finile}. Then o(P) = P(IN). Let dimY = oo and let
X = K, the scalar field of Y. By the Dvoretzky-Roger theorem in [5], choose (y,)3° inY such that }_ yn
converges unconditionally with ) |yn| = co. Define m(E) = 3 cpyn for E € o(P). Then m is a well
defined Y -valued o-additive vector measure on o(P) and hence by Note 2, m(T) = ||m||(T) is finite. Nole
that v(m, E) is finite for each E € P and hence the Dinculeanu integral can be defined with respect to m
(see Note 2). However, observe that v(m,T) = 3 |yn| = 0.

Clearly, the function x7 is P-measurable. Let sy = x{1,2,..x} Then sg — xr pointwise and for AC T,

|/ skdm—/ Spepdm| — 0
A A

as k — oo. Thus xp is Dobrakov m-integrable. Moreover, xp € L,;I(m), since m(xr,T) = m(T) < oo.
On the other hand, [, xrdv(m,) = o lyn]l = oo and hence x7 is not Dinculeanu m-integrable.
Further, if co ¢ Y, then by Theorem 12(it1), LyM(m) = L£1I(m) = L1Z,(m) = Li(m) and hence
xr € L1(m).

The above example establishes the following:

If dim Y = oo, then there exists a é-ring P and an operator valued measurem : P — L(X,Y)

of finite variation such that the class D;(m) of all Dinculeanu m-integrable functions is a
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proper subset of Z(m), so that the theorem on interchange of limit and integral does not
hold for D;(m) by Note 5(iii). Moreover, one can also have £;(m) ;?D,-(m) (for example,when
co ¢ Y). LDCT holds for D;(m) and £;(m) (cf. Theoremn 16).

For X-valued vector functions the Dinculeanu integral with respect to a o-additive scalar measure
on P (see Note 1) is the same as the Bochner integral and hence the Dinculeanu integral is a direct
generalization of the Bochner integral for operator valued measures of finite variation on a §-ring. Note
that the Bochner and the Dinculeanu integrals share the property of absolute integrability of the abstract

Lebesgue .integral.

Since the assumption that the operator valued measure m is of finite variation on P is
very restrictive in comparison with the finiteness of the semivariation m on P (see Example
3), the Dobrakov theory permits the m-integrability of vector functions when the operator
valued measure m has only finite semivariation on P. Note that such functions cannot be

integrated in the sense of Dinculeanu, when m is not of finite variation on P.

The advantage of the Dobrakov integral over that of Dinculeanu is that it permits an integral repre-
sentation for weakly compact operators U : Co(T, X) — Y, where Co(T, X) = {f : T — X, f continuous

and vanishes at co} and T' is a locally compact Hausdorff space.(See[20].)

9 Concluding Remarks

Maynard obtained a powerful Radon-Nikodym theorem for the Dobrakov integral in [26]. Dobrakov
proved the Fubini type theorem for operator valued product measures under certain restrictions in [9], and
later, in 1988, he proved it in the most general form in [13]. The validity of the Fubini type theorem also
asserts that the Dobrakov integral is the apt generalization of the abstract Lebesgue integral. Because of

lack of space, we omit the discussion of these interesting topics. The reader is referred to the bibliography.

The techniques and the ideas found in the Dobrakov theory are so powerful and profound as to permit
him to formulate a theory of multilinear integration of vector functions with respect to an operator valued
multimeasure.See [14-19,21]. This theory is more complete and exhaustive than its particular cases given

in [27,28,32].
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