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1 Introduction

In this article we attempt to a systematic study of analytic topologies over
the natural numbers N (or any countable set X). We can identify every
subset of N with its characteristic function, so its power set P(IN) is iden-
tified with the Cantor space 2N. Since every topology over N is a subset of
P(N), it is clear then what we mean by saying that r is closed, open, Gj,
Borel, analytic, etc. That this kind of restriction on a topology shows up in
purely topological results is perhaps not as widely known as it should. For
example, it shows up in Godefroy’s characterization of separable compacta
K that can be embedded in the first Baire class equipped with the topology
of pointwise convergence (see [10] and 7.3 below). Namely, this happens
exactly when the topology K induces on any of its countable dense sub-
sets is analytic. It is perhaps not surprising that many of the examples of
countable topological spaces found in the literature are analytic. For exam-
ple, Arens space ([1]) or its more general version, the Arhangel’skii-Franklin
space ([2]), have analytic topologies (see also §6 below). Questions involv-
ing convergence in topology are frequently questions about countable spaces
with analytic topologies. This is particularly true about spaces appearing
as subspaces of some function space. The realization that they are analytic
can sometimes be a powerful tool when dealing with these kind of question
(see, for example, theorem 7.6). One of the goals of this article is to make
these connections between descriptive set theoretic properties and purely
topological properties of a given space more explicit.
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On the other hand, there are many results concerning the descriptive set
theoretic properties of families of subsets of N, like ideals and filters (see
[7, 12, 16, 20, 24, 26]). Every filter has naturally associated a topology, hence
those results about the existence of Borel or analytic filters (or ideals) over
N immediately provide examples of topologies over N of the same (Borel,
projective) complexity. These topologies are not Hausdorff, however, given a
filter F over N by an elementary construction it is easy to define a Hausdorff
topology of the same complexity as the filter F. It is known that every
G; filter is necessarily closed, but there are filters (and hence Hausdorff '
topologies) in all levels of the Borel hierarchy above the third level.

" The paper is organized as follows. In section §2 we analyze closed and
G5 topologies. In §3 we present some results concerning the complexity of
bases and subbases. In §4 we analyze the complexity of Hausdorff topolo-
gies. It is well known that every analytic ideal (containing all finite sets) is
meager. We will show in §5 that every analytic T topology with infinitely
many limits points is meager. In §6 we present some critical examples of an-
alytic topologies of various complexities. In §7 we show that every analytic
regular topology is homeomorphic to a countable subspace of the function
space Cp(NN). This result naturally leads to the notion of a Rosenthal
compactification of an countable analytic space.

The last three sections are devoted to the study of the ideal of nowhere
dense sets NW D(t), where 7 is a given topology over X. One of the ques-
tions we address is the following: given a Borel (analytic) ideal T over X,
what are the possible topologies 7 such that T = NWD(1)? We classify
under equivalence the family NW D(r) when 7 is an Alexandroff topology
over N. We show that NW D(7) is not a p-ideal for 7 analytic. Many of the
structural properties of ideals over N have been established by using two
important notions for comparing ideals: Tukey reducibility [8] and Rudin-
Blass reducibility. We analyze the ideal of nowhere dense sets from these
point of views.

Some preliminary results concerning the problems studied in this paper
appeared in [25].

We will use the standard notions and terminology of descriptive set theo-
ry (see for instance [11]). X will always denote a countable set. w<* denotes
the collection of finite sequence of natural numbers. If s € w<¥ and n € N
then s~ (n) is the concatenation of s with n. Let A, B be subsets of topo-
logical spaces Y and Z respectively, as usual A <y, B denotes the fact that
A is Wadge reducible to B, that is to say, there is a continuous function
f:Y = Z such that ¢ € Aiff f(z) € B. The ideal of finite subsets of N is
denoted by FIN, @ x FIN denotes the ideal over N x N given by A € § x FIN
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iff for all n, {i : (n,1) € A} is finite and FIN x @ denotes the ideal given by
A € FIN x 0 iff there is n such that A C n x N, where as usual we identify
a natural number n with the set {0,---,n — 1}.

2 Closed and Gj; topologies

In this section we will analyze topologies over a countable set X that are
closed or G5 as subset of 2.

We first recall some notions. A topology 7 over X is said to be Alezan-
droff if it is closed under arbitrary intersection, equivalently, if N, = N{V :
z € V and V r-open} is 7-open for every z € X. N, is called the mini-
mal neighbourhood of z. It is well known that Alexandroff topologies are
represented by quasi-orders as given by the following theorem:

Theorem 2.1 A topology T over X is Alezandroff iff there is a binary re-
lation <, over X which is transitive and reflexive and such that A € 7 iff
for every z € A we have {y € X : 2 <, y} C A. Moreover, the minimal
neighbourhood of z is {y € X : ¢ <, y}. Furthermore, 7 is Ty iff <, is
antisymmetric (i.e. <, is a partial order). Also, cl.(A) = Uzeqcl-({z}) =
Useafy € X 1y <; z}. Thus <; is given by y <, z iff y € cl,({z}).

We start by considering the question of when a given topology 7 over a
countable set X is an open, closed or dense subset of 2X.

Theorem 2.2 Let 7 be a topology over X.
(i) T C 2X is closed if, and only if T is Alezandroff.

(i1) T C 2X is open if, and only if there is a T-clopen, discrete and co-finite
subset of X. In particular, every open topology is clopen.

(iii) The closure of T in 2X | denoted by 7, is a topology. Therefore T is the
smallest Alezandroff topology containing 7.

(iv) T is dense in 2X if, and only if 7 is T.

Proof: First, it is not difficult to show that if S C 2% is a closed set which is
closed under finite intersections (resp. unions), then S is closed under arbi-
trary intersections (resp. unions). From this (iii) follows, since T is a closed
set closed under finite intersection and unions. Also from this observation
half of (i) easily follows. For the other half of (i}, let 7 be an Alexandroff
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topology and A,, a sequence of T-open sets converging (pointwise) to A. If
z € A, then N, the minimal neighbourhood of z, is a subset of eventually
every A, and therefore a subset of A. Hence A is open. For (ii), let 7 be an
open topology, then @ and X are interior points of 7. Then, it is not hard to
see that there is a finite set F such that F' is 7-clopen and X — F' is discrete.
From this it follows that 7 is clopen. Finally, for (iv) let us suppose that 7
is dense in 2%X. Let A, be a sequence of open sets converging pointwise to
{z}. Let y # =z, then there is n such that z € A, and y ¢ A,,. Hence {y}
is closed. Conversely, suppose 7 is T;. Then the collection of 7-closed sets
contains all finite sets and hence it is dense in 2X. Since the map A — X — A
is an homeomorphism then 7 has to be also dense.

The simplest example of a F, topology is the co-finite topology. Given
a filter F over w, we will identify F with the topology F U {@}. Since filters
and ideals are dual objects, we will also identify an ideal with the topology
associated with its dual filter. Nice examples of F, ideals can be found in
[16]. Next we give an elementary method to construct a Hausdorff topology
based on a filter, it will be used to give examples in the sequel.

Example 2.3 Let F be a filter over w. We define a topology 7(F) over w+1
by 7(F) = {{w}U A: A € F}UP(w). It is clear that if F is non principal
then 7(7) is a Hausdorff topology. Since the function f :2¥ — 2“*! given
by f(A) = AU {w} is continuous and A € F iff f(A) € 7(¥), then F is
Wadge reducible to 7(#). Also notice that if F is a non trivial filter, then
w is the only limit point of (w + 1,7(#)). In fact, it is clear that this is
a characterization of such spaces. We state this observations in the next
proposition for later reference.

Proposition 2.4 (i) For every filter F, 7(F) is a Hausdorff topology and
F <w T(#).

(ii) Let (X, 1) be a Hausdorff space such that X() = {z,,---,z,}. Then
there is a partition of X in finitely many clopen pieces Xy, -+, X, with
z; € X; and there are non principal filters F; over X; — {z;} for 1 <i<n
such that (X,7) is homeomorphic to @} (X, 7(%)). In fact, the filters are
given by F; = {A C (Xi— {z:}) : AU {z;} € 7}, thus F; <w T.

Since every Gj filter is necessarily principal (and hence closed), then 2.4
does not provide examples of G5 topologies. In fact the situation is quite
different. We show next that there are no non-discrete T topologies over N
that are G5 as subsets of 2N, and later we give an example of a Gs-complete
T, topology.
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Theorem 2.5 Let G be a dense G5 subset of 2N. If G is closed under finite
unions and intersection then G = 2N. In particular, if T is a Ty topology
over N and 7 C 2N is G5, then T is the discrete topology.

Proof: First we recall that 2N is a Polish group (i.e. a topological group such
that its topology is separable and completely metrizable) with symmetric
difference as the group operation (it is the countable product of the group
{0,1} with addition module 2). We will use the following fact about Polish
groups (see for instance, 1.9.6 of [11]). If G is a Polish group and N is a G;
subgroup of G, then N is closed.

- Let G be closed under finite unions and intersections. Let CL(G) = {A €
2N . A, A¢ € G}, then CL(G) is a subgroup of the cantor group 2N. Since
G is Gs then CL(G) = GN{N-A: A € G} is also Gs (since A—» N—-Ais
an homeomorphism). Thus CL(G) is closed. But G is dense, hence CL(G)
is also dense and therefore G = 2N. The last claim follows from 2.2(iv).

There are some simple A9 topologies over N (i.e., they are both Gj
and F,). For instance, let X = w + 1 with the usual order and 7 be the
corresponding Alexandroff topology. Let 7/ = 7 — {{w}}. Then it is easy to
check that 77 = 7 and also that 7/ is AY, i.e., it is both F, and Gs. Next
example shows that there are true G5 topologies.

Example 2.6 A Tj topology on a countable set X which is a Gs-complete
subset of 2X.

We first show a general result that points to a natural place where to
look for G5 topologies.

Claim 1: Let T be an Alezandroff topology over a countable set X and let
D(r) ={A e€r1:A ist-dense} and p = D(r) U {0}. Then p is a G;
topology. Moreover, if T has no isolated points then T = p.

Proof: 1t is straightforward to check that A € D(7) iff for all z € X there
is y € A such that z <, y, where <, is the order given by 2.1. So D(7) is
G and so is p. For the second claim observe that 7 has no isolated points
if, and only if every finite set is 7-nowhere dense. We will show that 7 = 5.
Let O € 7 and F, K disjoint finite sets such F C O and KNO = §. Let
V = X — K, then by hypothesis V is 7-open dense, F CV and VN K = §.

In general, the topology given by the previous result is not a true G5 set.
For instance, let < be the usual order on w41 and consider the Alexandroff
topology. An open set V' is 7-dense iff w € V. Hence D(7) is closed.
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Let X = 2<% (the collection of all binary sequences) and let < be the
usual extension order. Let T be the Alexandroff topology over X given by <.
For each s € 2<% the minimal neighbourhood of s is N, = {t € 2<¥ : s < t}.
Let p = D(t) U {0}, since T is a Tp topology without isolated points then
T = p and therefore p is also Ty. We will show that p is a Gs-complete subset
of 22°“. For that end, we will show some simple facts that will simplify the
arguments.

Claim 2: Let T C 2<%, then T is 7-closed if, and only if T is a tree.
Proof: Since 7 is an Alexandroff topology, then by 2.1 ¢l.({s}) = {t € 2<¥ :
t < s} and T is 7T-closed if, and only if ¢/, ({s}) C T for all s € T.

Claim 3: Let T be a binary tree, as usual [T'] denotes the set of (infi-
nite) branches of T'. Then T is T-closed-nowhere-dense if, and only if [T] is
nowhere dense in 2N,

Proof: It is easy to check that for every r-closed set T and every s € 2<%,
U={ae2N:s<a} C[T]ff N,={t€2<¥:s<t}CT.

The following is a well known fact (see [11], pag 27): Let ¢ : K(2N) —»
22 given by p(K) = {s € 2<“ : Ja € K s < &}. Then ¢ is 1-1 and contin-
uous and ¢(K) is a tree such that K = [¢(K)]. In fact, ¢ is an homeomor-
phism of K(2N) onto the set of binary pruned trees. Since the collection of
nowhere dense closed subsets of 2N is Gs-complete (see [13]), then from the
claims above we conclude that {F C 2<% : F is T-closed-nowhere-dense set}
is also Gs-complete. Finally, since the complementation function on 2X is
an homeomorphism then it is clear that D(r) is Gs-complete.

3 Complexity of bases and subbases

We now consider the problem about the complexity of a given topology
generated by a closed, F,, or analytic base.
The following fact is easy to verify and will be used in the sequel.

Proposition 3.1 Let f,g: 2X x 2X — 2X h: 2X 5 2X be the functions
defined by f(A,B) = ANB, g(A,B) = AUB and h(A) = X — A. Then f,
g and h are continuous and open. Moreover, h is an homeomorphism.

In particular, the previous results says that for a given topology 7 the
collection of T-open sets and T-closed sets have the same descriptive set
theoretic complexity.
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Proposition 3.2 Let (X,7) be a countable topological space.
(i) X admits a F, base iff it admits a F, subbase.

(i) If X admits a F, base (or subbase) then T is I13. In particular, if X
is second countable topology, then T is II3.

(iii) If X admits a £} base (or subbase) then T is X1.

(iv) Suppose X is Hausdorff and has a F, base. If X M) (the set of limit
points) is finite, then 1 is F,.

(v) If X is T and non discrete, then T does not have a closed base.

Proof: Let B be a base for 7, then we have
Aer < Vz[z€A—> IBeB(z€eB&BCA)] (1)

If Bis F, (resp. 1), then from (1) it follows that 7 is II3 (resp. X1).
If S is a F, subbase for T then it is easy to check using 3.1 that the base
generated by S is also F,. This shows (i), (ii) and (iii). (iv) follows from
2.4(ii), since the filters F; given there are clearly generated by a F,, set and
therefore they must be F,. Hence 7 is F,. To see (v) suppose that F is a
closed base for 7 and fix z € X. For each finite set A C X with z & A, there
is V4 € F such that z € V4 C X — A. Since {V4} converges to {z} and F
is closed, then T is the discrete topology.

Remark 3.3 (1) There are Hausdorff topologies such that X (1) is finite but
T is not F, (and of course T has not a F, base). For instance, let F be a
filter over w which is not F, (for example, the dual filter of @ x FIN). Then
7(F) (defined in 2.3) is II-complete, but X(1) = {w}.

(2) There are II3 topology without a F, base (or even subbase). In fact,
let 7 be the topology associated with the ideal # x FIN. First, notice that if
Bis F, then B™" = {A:3B € B A C B} is also F,. Now, if B is a base for
T (w.l.o.g we assume @ ¢ B), then it is easy to check that r = B™°" U {0}
(the fact that 7 is not Hausdorff is irrelevant, since by a similar argument
if F is the dual filter of @ X FIN (identifying w X w with w), then 7(F) does
not admit a F, base). A more interesting example will be given later. A
natural question is to determine which IT3 topologies admit a F, base.

Theorem 3.4 Every Hausdorff topology on a countable set generated by a
F, subbase has in fact a closed subbase.
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Proof: Let {z;}2, be an enumeration of X. For each n we fix an open
neighbourhood V,, of z,, such that z; ¢ V,, for all i < n. Let K =i, K

be a fixed base for X such that each K, is closed and K,, C K4, for all n.
For n > 1 set

K, = {AU(X\V)U U Vi: 1<i<n, A€ K,, z;€ Aforall 1 <j < n}
I=i41

Clearly each K, is a closed set of open subsets of X. Let K = U, En. We |,
claim that K U{X} is closed in 2X. It suffices to show that every sequence
By € En,‘ (k € N) such that {n;} is strictly increasing accumulates to X. So
let F be a finite subset of X and let ko be such that F C {z;:1 < i < ny, }.
Consider By, for k > kg. Then By is of the form

AkU X\Vzk U VI
=1 +1
for some ix € {1,---,nt}. Consider z € F. If z = z;,, then z € Ay C By. If
z = z; fori < i, then z € (X \V,,) C Bi. If z = z; for i € {iky1, -, Rk},
then z € V; C By. This shows that F' C Bj. Let

B, ={AnV;n | (X\W)): 1<i<n, A€ Ky, z; € Aforall 1 < j < n}
=141

It is clear that |J;Z, B, forms a basis of X. Note that a given element

ANV, NNy (X \ V1) of By, is equal to the intersection of the element

AU(X\V,-)UUL,-HVI of K, with V; and each X\Vi(l=i+1,---,n).

Note that the sequence {V,} converges to § while the sequence {X \ V,}

converges to X. It follows that

{X,@} U Uﬁn U {Vn}ffél U {X\Vn}zil

is a closed subset of 2% and it forms a subbasis of X.

Remark 3.5 Note that the above proof shows that every Hausdorff second
countable space has a subbasis which is closed and countable. Thus, in
particular, the topology of the rationals is generated by a countable closed
subbase. In fact the above proof shows that the topology of the rationals is
generated by a closed set with only two non-isolated points (i.e. the union
of two converging sequences). A natural question that remains unanswered
asks whether a regular topology with an F, base has an F, base consisting
of clopen sets. Note that the proof of Theorem 3.4 can turn any F, base
consisting of clopen sets into a closed subbase consisting of clopen sets.
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Zafrany [26] has shown that every analytic filter is generated by a G
pre-filter. More recently, Solecki and the first author [22] have shown that in
fact every analytic filter is generated by a Gs-set. This suggests that similar
facts might be true for analytic topologies on a countable set. The following
result of Solecki [21], included here with his permission, goes along these
lines.

Theorem 3.8 Let T be an analytic topology on a countable set X. Suppose
there is a sequence {U,} of open sets such that (), U, = 0 and 7|U, is
uncountable for all n. Then T has a £3 subbase. If additionally T is T},
then T has a G5 subbase.

Proof: By the perfect set property of analytic sets, for each n, we can fix
Zn C 1|Uy, that is homeomorphic to NN. Then for each n we fix a continuous
surjection f, : Z, = 7|(X \ Uy,). Define

Z={X-Un: newU{VU fu(V): new,V € Z,}

Note that, for each n, the set Z = {VU f,(V) : V € Z,} is homeomorphic
to Zn, so it is Gs in 2%. Hence Z is 9. To see that Z is a subbase of 7,
note that for all € X there is n such that € X\ U,. Let U C X \ U, be
an open set with z € U. Find V € Z, with f,(V) =U. Then VUU € Z.
Since V C Uy, then U = (X \ U,) N (VUU).

If 7 is T}, enumerating X as {z,} and reenumerating {U,} we may
assume that z, ¢ U, and z; ¢ U, for i < n. Also we will assume that
f» has range equal to the collection of open subsets of X \ (U, U {z; : 7 <
n}). The definition of Z remains the same except that we put the sets
X\ (U,U{z; : i < n}) in place of X \ U,. Note that this sequence of
sets converges to §. So it remains only to show that the union Z* of the
corresponding collection of sets Z; is G5. To see this, note that W ¢ Z* iff
W ¢ Zx for n = min{i:z; € W}.

Corollary 3.7 Fvery analytic T, topology has a Gs subbase.

Proof: If every point z € X has a neighbourhood V, such that U, = X \V,
is infinite, the sequence {U,} satisfies the hypothesis of 3.6. Otherwise, X
would be either finite or it would contain only one nonisolated point z,
such that every neighbourhood of z, is cofinite in X. In the later case, X
would homeomorphic to w + 1 with the order topology and hence by 3.4 it
has a closed subbase.
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Remark 3.8 Note that these results still leave it unclear whether every
analytic topology on a countable set has a Borel base or subbase. Of course,
if the answer is positive one would then like to determine the minimal Borel
complexity of such base or subbase.

4 Complexity of Hausdorff topologies

In this section we consider the complexity of analytic T, topologies having,
infinite many limit points. The following general fact shows that they all are
at least ITJ. Notice that the topology of a convergent sequence in a metric
space is an example of an F, Hausdorff topologies with finitely many limit
points (see also 3.2).

Theorem 4.1 Let 7 be an analytic T, topology over a countable X such
that X is infinite. Then § x FIN <, .

Corollary 4.2 Every T, topology over a countable set with a F, base and
infinitely many non-isolated points is I13-complete.

Corollary 4.3 The topology of the rationals is II3-complete.
The proof of 4.1 will need the following general fact.

Proposition 4.4 Let T be a Ty analytic topology with an infinite cellular
family (a family of pairwise disjoint sets) of non-discrete open sets. Then
0 x FIN < 7; in particular, 7 is I13-hard.

Proof: Let {V;} be a fixed cellular family of non-discrete of T-open sets.
For each i fix a non isolated point z; € V;. Let F; be the restriction of the
neighbourhood filter of z; to V; — {z;}. Then F; is a proper analytic filter on
an infinite set, so by a well known result of Mathias (see [15]), we can find a
sequence {F}}32, of pairwise disjoint finite subsets of V; — {z;} such that for
every infinite M C N, U,ea F accumulates to z;. Define f : 2NXN  2X
by

00 .

f@=U ] Vi-F)

i=0 (i,n)€A
Clearly f is continuous. It is also not hard to check that a subset A C NxN
belongs to § x FIN if, and only if, f(A) is T-open.

The following lemma gives some sufficient conditions for having the hy-
pothesis of 4.4.



Stevo Todor¢evi¢ and Carlos Uzcétegui 11

Lemma 4.5 Let (X, 7) be a Hausdorff space such that X() is infinite. Then
any of the following conditions implies that there is an infinite cellular family
of non-discrete T-open sets.

(i) X £0.
(ii) (X,7) is regular.

Proof: (i) Suppose X £ (. Let 2 € X@ and y, # 2 with 3, € X1,
Let W and V) be disjoint open sets containing z and y; respectively. Then .
WNXW £ ). Let y, € W be a limit point. We can repeat the construction
inside W and find V, with y, € V5. In this way we construct a sequence of
limit points {y,} and pairwise disjoint open sets {V,,} with y, € V,,.

(ii) If 7 is zero-dimensional (i.e., it admits a base of clopen sets), X (1)
is infinite and X = @, then such family of open sets exists. In fact, we
can define by induction a collection {W, : z € X (M} of pairwise T-clopen
sets with z € W,. If r is regular, X() is infinite and X(2) = @, then 7
is zero-dimensional. In fact, let £ € X(1) and V be an open set such that
z €V and XNV = {z}. Then by regularity, there is W C V open such
that z € W and el,(W) C V. Then cl,(W)N X = {z}, thus W is clopen.

The following example shows that some assumptions in 4.5 are needed.

Example 4.6 There is a second countable Hausdorff topology T on a count-
able set X such that X is infinite but (X, ) has no infinite cellular families
of non discrete open sets.

To see this, fix an independent family A, (s € N x N) of infinite subsets of
N, i.e., a family with the property that

(N 4N (NN - 4)

s€E teF
is infinite for every pair E and F of disjoint finite subsets of N x N. Let
X = N x 2 with points of N x {0} all isolated while neighbourhoods of some
(n,1) are of the form

Uy ={(m1} U [N Ain) N (N (N = A )] x {0},
i<n JEF

where F is a finite subset of N — {0,---,n}. Note that for n < m, U({:l}) and

U(@m’l) are two disjoint neighbourhoods of (n,1) and (m, 1) respectively, so
7 is T;. Note also that by the independence of the family A, m) ((n,m) €
N x N), the closure of every U(I;I) contains (m, 1) for all m > max(F), so
there are no infinite cellular families of non-discrete open sets.
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Proof of 4.1: From 4.5 we can assume that X(2) = @, X(1) is infinite and
there are no cellular families of non-discrete open subsets of X. Given a
closed subspace Y of X it is easy to check that 7|Y <, 7 and since we are
working towards proving that @ x FIN <, 7, we can assume also that every
such Y has no an infinite cellular family of non-discrete (relatively) open
sets, as far as Y1) is infinite. In this context we make the following

Claim: Let Y be a closed subspace of X such that Y1) is infinite. Then for
every y € Y(1) there is an open neighbourhood U of y such that the closed
subspace Z =Y — U has the property that Z(!) is infinite.

Proof of the claim: Otherwise, for every finite sequence yi,- -, yr_ of ele-
ments of Y(1) — {y} and every sequence of open sets Uy, - - -, Ux—; such that
yi € U; and y ¢ U;, for all i < k, the set Cx—1 = Uik Ui being a comple-
ment of a neighbourhood of y, can contain only finitely many points from
Y1), So, we can choose another point yx € Y1) — {y} not in Cx_; and a
neighbourhood Uy of y; disjoint from Ci_; such that y ¢ Ui. Proceeding
this way, we can construct a cellular family of non-discrete open subsets of
Y, contradicting our assumption.

Let {z,} enumerate X(1), We will define by induction an increasing
sequence ny of integers, a sequence {Ox} of open sets and a sequence of
finite sets {F¥} such that

(1) 2n, € O for all k.

(2) {FF} is a sequence of pairwise disjoint finite sets of isolated points in
Ok and z,, € U,y F for all infinite A C N.

(3) OxNF. =@ foralll >k and all n.

(4) Zr = X — (U5, 0;) is a closed subspace such that Z,(cl) is infinite and
Nk+1 is the minimal integer n such that z, € Z,(cl).

By the claim there is an open neighbourhood Oy of zg such that Zy =
X — Oy is a closed subspace with the property that Z((,l) is infinite. Let F
be the neighbourhood filter of z; restricted to X (®NQOy. By the theorem of
Mathias, already used above, there is a sequence of { F2} of pairwise disjoint
finite subsets of X(® N Oy such that (2) holds. Let ny = 0 and n, be the
minimal n such that z, € Z(()l). It is clear that (1),---, (4) hold for k = 0.

For the inductive step, suppose we have defined n; for i < k+1 and {O;}
and {F:}, for i < k such that (1),---,(4) hold. By the claim there is an
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open neighbourhood Ok41 of 25, ., such that Zx, = Z; — Ok41 is a closed

subspace such that Z,S_l*_)l is infinite. Let ng42 be the least integer n such

that z, € Z,(cﬂ_)l, so (1) and (4) holds. By the theorem of Mathias applied to
the neighbourhood filter of z,,,, restricted to XO0Onz.n Og41 there is a
sequence {F¥t1} of pairwise disjoint finite subsets of X (%) N Z;, N Oy, such
that (2) and (3) hold.

Define f:2NxN _, 9X a5 before:

fAy= |J F:

(k,n)EA

Since the sets F* (k,n € N) are finite and pairwise disjoint (from (2) and
(3)) then f is continuous. To see that f is a reduction of @ X FIN to the
collection of 7-closed sets, suppose that A € @ x FIN, then there is k& such
that the vertical section Ay is infinite, so by (2} z,, € f(A) and thus f(A)
is not closed. On the other hand, suppose A € ® x FIN and z, ¢ f(A). Let
k be the least integer such that ny < n < ngyy. It is easy to verify using
(1) and (4) that W = Og U ---O¢ U {2, } is an open neighbourhood of z,.
Since each F¥ is finite from (3) we have that W N f(A) is finite. Thus f(A)
is closed (actually, it is clopen).

5 Baire category of analytic topologies

Next we address the question of when a given topology 7 over X is a meager
subset of 2%.

Theorem 5.1 Let 7 be an analytic Ty topology over N. Then 7 has in-
finitely many limit points if, and only if, T is a meager subset of 2N.

Proof: One direction is trivial, since if X(1) is finite, then 7 contains the
basic open set P(X — X (1)),

For the other direction, we first analyze the case 7 comeager. Let
Y = {z € N : z is a limit point}. Suppose Y is infinite and we will get
a contradiction. Let C'= {A C N : ANY is infinite}, then C is a dense G
set. Since 7 is comeager, then 7 contains a dense G set. Therefore there are
families of finite sets {F,,}, {F2} and {F!} with F,, = FCUF!, FOnF! =0
and {F,} a partition of N such that

{ACN:{n:ANF, = F!}is infinite} C7NC (2)
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Let O be the set U,en Fi. By (2) O is T-open. We will show that O is
discrete and this will give the desired contradiction because O € C.
Suppose O is not discrete and let z € O be a limit point and ng be such
that z € F} and let P = N — {ng}. We define an ideal T over P as follows:
Let ACP

AeTifz¢ |JF}
n€A
It is clear that Z is an ideal and FIN C ZI. Since each F} is finite and 7 is |
Ty, then z € U, cp F}l,i.e. P ¢ I. Since 7 is analytic then it is not difficult
to check that I is also analytic. Therefore 7 is not maximal. Let Py, P
be a partition of P such that P; ¢ Z, for i = 0,1. Let O; = ,¢p, F3 and
V =0oUF],. Thenz € V,V ist-open and O, NV = 0. Hence z ¢ O,
which is a contradiction.
Now we consider the general case. Suppose that 7 is not meager. Let
K, F finite disjoint subsets of N such that 7 is comeager in the basic nbhd
Vgivenby {ACN:KCA & ANF=10}. Let B=N-(KUF).
Let p be the restriction of 7 to B. Then p is analytic in 22 and moreover
p is comeager in 2B, Hence p has only finitely many limit points. Since B
is 7-open and co-finite then it follows that r has also finitely many limits
points.

Remark 5.2 There are topologies with infinitely many limit points which
are not meager. For instance, consider 7= {A C N :0 € A} U {0}. Then 7
is an Alexandroff Ty topology, 0 is the only isolated point and 7 contains a
basic open set.

6 Some examples

We will present examples of topologies of various complexities.

Example 6.1 Let F be a filter over N containing the filter of cofinite sets.
Define a topology over X = w<% as follows:

Uerro (neN: snelU}eF forallseU

It is clear that 7, is T,, zero dimensional and has no isolated points. From
the definition of 7, is easy to check that 7, is TI,, if F is II9; or X9.
On the other hand, consider the function ¢ : 2N — 2X given by $(A) =
{0} U {s € w<¥ : 5(0) € A}. It is clear that ¢ is continuous and A € F if
and only if ¢(A) € 7. This shows that F <, 7. In particular, if F is a
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true IIO set, then so is 7. These topologies contains a family of pairwise
disjoint open sets U,, such that each U, is homeomorphic to the entire space
X. This explains why the Borel complexity of 7 is of the type 2. It is
not difficult to check that there are no T topologies without isolated points
such that for a fixed « the relative topology of every nonempty open set is
a true X2 set.

Of special interest is the case of 7 when F is the filter of cofinite sets
which we are going to denote simply by 7¢n. We will show that 7¢y does
not admit a F, base (the same argument applies to 7 for any free filter F). °

Proposition 6.2 714,y does not admit a F, base.
Proof: We will show some simple claims that will simplify the argument.

Claim 1: Let A,, C w™ be finite and A = J,, An,. Then A is Tpn-closed and
discrete.

Proof: Let f(n) = max{t(n —1): t € A,} for n > 1. Let s € w* and define
Ur={s}u{t ew<: s<t&t(m—1)> f(m) for all m > k}. Notice that
Uy is an open set and Uy N A C {s}.

Claim 2: Let K C 7pn be a closed set and s € w<¥. Then there is N such
that for all V € K if s € V, then there is m < N such that sm € V.
Moreover, for all m > lh(s) there is a finite set A,, C w™ such that s <t
forallt € Ay, and if VE K ands€ V, then VN A, #0.

Proof: Otherwise for all N there is Viy € K such that s € Viy and s'm ¢ Vy
for all m < N. We can assume that Vy - V € K. Thens € Vand sm ¢V
for all m, which contradicts that V is 7gy-open. The second claim follows
by a simple induction.

Claim 3: Let K, C Tp;n be closed sets and s € w<¥. Then there is a Tpy-
open neighbourhood O of s such that for alln and all V € K,, if s € V,, then
VZo.

Proof: Fix s € w<¥. For every n such K, contains an open set V with s € V
pick a finite set A, C w*)+" a5 given by claim 2. Let A = |J, A, then
by claim 1 A is closed and discrete. Let O be the complement of A. Notice
that foralln and all V € K,,,if s € V, then VN A, # 0, thus V € O.

It follows from claim 3 that sy does not have a F, base.

We have already mentioned that (w<“,7g) is an homogeneous space.
A very interesting description of a space homeomorphic to (w<¥, 7py) Where
the homogeneity becomes quite transparent is given by van Douwen [6]: Let
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A={2"-1: n=0,1,2,---}. Then A is an infinite subset of Z which has
the property that 0 € A and that AN (k+ A) is finite for every z € Z \ {0}.
Let

r={UCZ: (k+ A)\U is finite for every k € U }

Then 7 is a translation invariant topology on Z homeomorphic to (w<“, Tex).
Another occurrence of a countable space homeomorphic to (w<¥, T1y) is the
space S, of Arkhangel’skii and Franklin [2]. So we know that (w<%, Tpy)
contains subsets A whose closure require large number of steps of taking
sequential closure or in other words, 7s1y is a sequential topology of sequen-
tial order equal to w),. Yet another occurrence of 7y is in the following
characterization of the so called Schur property of normed spaces essentially
established (though not explicitly stated) in Fremlin [9] (see also [2]).

Theorem 6.3 The following are equivalent for a normed space E.
(1) (w<¥, Tpv) is not embedable into (E, weak)
(1) Every weakly convergent sequence in E is norm-convergent.

Proof: To see that (i) implies (i) note that if the subspace w<? of T
embeds into (E, weak) via an embedding ¢, then we would have that ()
is a weak limit of ({n}) and also that ¥({n})’s would be a weak limit of
{#({n,m})}—ny1- By (ii) all these weakly convergent sequences are norm-
convergent, thus we can select a diagonal sequence {¢({n,m,})}3%; which
weakly converges to (@) contradicting the fact that {({n, mn})}32, is not
Trin-coOnvergent.

Suppose now that E contains a sequence {2,}32, of norm 1 vectors
which weakly converges to 0. Let {t;} be some natural enumeration of w<%.

For s € [w]<¥, put
¢(s) = {4'zj: i,j€ Nt < t; < s}

where < is the relation of “being an initial segment of ”, if s = (} we take
¢(s) = 0. Going to a subsequence of {z,} we could have assumed that the
z,’s are linearly independent and moreover that some vector e € F of norm
1 is not in their linear span. Thus we can find a sequence A, (s € w<¥) of
scalars from [0, 1] (Ag = 0) such that ¥ (s) = ¢(s) + A, - e is one-to-one. This
is the mapping that appears in [9] (p. 381) where it is used for showing
that (if (ii) fails) the space (F, weak) has sequential order w;. However, it is
not hard to see that 9 is actually a homeomorphic embedding of (w<“, Ty)
into (E,weak) (compare this with the embedding of S, into (I3, weak) as
described in [2] (p. 318).)
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Remark 6.4 A typical normed space with the Schur property (ii) is the
space [, of absolutely converging series and this is what is frequently called
Schur’s theorem (see [14] §22). A typical example of a normed space with-
out Schur property is the Hilbert space /5. This apparently has been first
established by von Neumann who proved it by essentially embedding the
subspace w<? (“the Arens space”) of (w<¥, rsy) into la.

Finally we mention a property of 7¢y that makes it clear how far this
topology is from being metrizable.

Proposition 8.5 (see [4], ezample 3.7) Every continuous map from (w<¥, Tgy)
into a metric space maps a nonempty open set of Tgy into a point or a
nowhere dense set of the metric space.

Example 6.6 A }-complete countable group topology.

We will define for every dense A C 2N a topology 74 on the Boolean group
G of all clopen subsets of 2N with symmetric difference as a group operation.
The subbase of 74 are the sets of the form

tt={aeG:z€a},z - ={a€G:z ¢a}

where z € A. It is easy to check that if A is analytic the subbase is analytic
and therefore so is 4. Consider the mapping f : 2N — 2€ defined by

fle)={a€G: z€a}

It is not difficult to verify that f is continuous and one-to-one. Finally,
observe that if € A, then f(z) € T4 by definition. On the other hand, if
x ¢ A, then it is not hard to check that f(z) has empty 74-interior. This
shows that A <, 74. For 4 = 2N, let’s denote 74 by 7,. The subbase for
71 is a compact subset of 2¢ so 7 is II3-topology in this case. On the other
hand, for a carefully chosen analytic non-Borel subset A of 2N, then 74 is
a complete Z}-set. Thus a slight change in A C 2N changes the subbasis
which can result in a considerable change of the complexity of 4. Note that
we have actually shown that if A is a true analytic set, then the collection
of sets with non empty r4-interior is also a true analytic set. This might
be a general phenomenon: If 7 is a true analytic topology over a countable
set X, then {C :int,(C) # 0} is also analytic and non-Borel. Equivalently,
if 7 is a true analytic topology, then the collection of T-dense sets is a true
co-analytic set.

It should be clear that all these facts remain true if we restrict ourselves
to the subspace H of G consisting of the empty set together with only basic
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clopen sets [s] = {z € 2N : s C z}, where s € 2<“. The point is that
now H is topologically a considerably nicer space. For example, (H,7) is
a Fréchet space. In fact, first notice that @} is the only non isolated point of
(H, 7). Hence 7 is of the form 7(¥) (as defined in 2.3) for some filter F
over 2<% \ {0}. The dual ideal of F consists of all subsets of 2<¢ \ {0} that
can be covered by finitely many infinite branches (i.e. elements of 2N). To
see that (H, ;) is Frechet, let Y C H be such that @ ¢ Y. It is easy to check
that Y must contain an infinite antichain D. Let z, be an enumeration of
D. Then z,, converges to {.

Let now A be the irrational points of 2N and denote 74 by 75. The
space (H,72) has the property of not being embedable into C,(K) for any
compact metric space K (if it was, then one easily shows that the set of
irrational points would be F,). A space with the same property was given
by R. Pol [18]. However, as we will see, (H,7;) is embedable into C,(NN)
and moreover its pointwise closure is a subset of the collection of Baire class
1 functions on NN,

[y

7 Embedding a countable analytic space into C,(NY)

It is not an accident that many examples of countable analytic spaces are
variation of the space (G, T4) presented in §6. In fact this is a quite universal
construction. To see this consider an analytic T, topology 7 on a countable
set Y. Let f : NN — 2Y be a continuous map whose range is equal to 7.
ForyeY, let

vy ={zeN": ye f(a))

Then Y* = {y* : y € Y} is a countable family of clopen subsets of NN, Let
7* be the topology on Y* generated by subbasis

st ={y"€Y*: z ey}, (z e NN

It is clear that (Y, 7) is homeomorphic to (Y*, 7*) via the mapping y — y*.
Suppose now that (Y, 7) is a regular T; topological space, then the family

rNnT™*={UCY: UU°€er}

of all 7-clopen subsets of Y is also analytic. So, let f : NN o 2Y be a
continuous maps whose range is equal to 7 N 7¢. Let Y* be as before but
let 7 be now the topology on Y* generated by subbasic clopen sets of the
form

et={y*eY*:zeytandz  ={y* €Y*:z ¢ y*'}
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where £ € NN, Thus, if we identify sets with their characteristic functions
we get a copy (Y*,7*) of our regular space (X, 7) inside the function space
Cp(NN) where the p stands for the topology of pointwise convergence. If
we denote by C,+ (NN) the weaker topology of C(NN) with subbasic open
sets of the form

B(z,q) = {h € CN™) : h(z) > ¢} (3)
where z € NN and ¢ € R, we get the following representation result.

Proposition 7.1 Let (X, ) be a countable Ty space.

(i) T is analytic iff X is homeomorphic to a subspace of Cp4 (NN). If
moreover the space is reqular and T, then it is actually homeomorphic
to a subspace of C,(NN).

(i) X is homeomorphic to a subspace of Cp+(K,{0,1}) for K compact
metric iff X has a compact subbase.

(iii) X is homeomorphic to a subspace of Cp,(K, {0,1}) for K compact met-
ric iff X has a compact subbase of clopen sets.

Proof: Let X C C,(NN) be a countable subspace. Let B(z,q) as in (3) and
observe that the map (z,q) — B(z,q) N X from NN x R into 2% is Borel
and its range is a subbase for X. Then apply 3.2. This shows (<) in (i)
and the other direction was proved before. To see (iii) let X C C,(K,{0,1})
be a countable subspace with K compact metric. For each a € K, let
f(a) = {zx € X : z(a) = 1}. Then f is a continuous map from K into 2%.
Let K* = {f(a): a € K}U{X\ f(a): a € K}. The K* is a compact
subbase of clopen sets of X. Conversely suppose that X has a compact
subbase K of clopen sets. Then for each r € X let z+ = {O € K : z € O}.
Each zt is a clopen subset of K. Identifying =+ with its characteristic
function we get an embedding z — z* from X into Cp(K,{0,1}). The
proof of (ii) is similar.

It is clear that in order to define an embedding from (Y, 7) into C+ (NN)
(resp. into C,(NN)) one needs to start from a continuous f : NN — 2V
whose range is only a subbase of open sets (resp. clopen sets). This gives an
advantage of choosing good embeddings y + y*. For example, in the case
of embeddings into C,(NN) one is tempted to take the closure of Y* inside
the Tychonov cube {0, 1}N" and obtain a natural compactification of (Y, 7).
It is clear that different choices of subbasis of (Y, 7) may result in a quite
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different compactifications. There is a beautiful result of Rosenthal [19]
about taking pointwise closure of a bounded set of continuous functions on
NN: The pointwise closure either embeds SN and therefore has size bigger
than the continuum or it is included in By (NN), the space of all Baire class-1
functions on NN with the pointwise topology. Today compact subspaces of
B, (NN) are called Rosenthal compacta. So, in our situation, it is appropriate
to call the closure of Y* a Rosenthal compactification of (Y, 7) in case it is
included in B;(NN). A famous result of Bourgain-Fremlin-Talagrand [3] can
now be stated as follows.

Theorem 7.2 If a regular countable analytic space (Y, ) has a Rosenthal
compactification, then (Y, 1) is a Fréchet space.

The role of analytic topologies on countable sets in analyzing the class
of Rosenthal compacta is crucial as the following reformulation of a result
of Godefroy [10] shows.

Theorem 7.3 The following condition are equivalent for every separable
compact space K :

(1) K is embedable into the first Baire class.

(2) The topology K induces on any of its countable dense subsets is
analytic.

Rosenthal’s dychotomy can now be restated as a result about analytic
topologies over countable sets as follows (see also [10, p. 305])

Theorem 7.4 The following three conditions are equivalent for a regular
countable space (Y, T):

(1) (Y,7) has a Rosenthal compactification in By (NN, {0,1}).

(2) There is an analytic subbasis B C T of clopen sets such that there is
no infinite Z C'Y such that B|Z = P(Z).

(3) There is an analytic subbasis B C 1 of clopen sets such that for every
infinite Z CY there is an infinite Z., C Z such that for every B € B
either Zo, \ B or Zs, N B is finite.

Proof: Suppose that Y has a Rosenthal compactification in By (NN, {0,1}).
We may assume that Y C C,(NN {0,1}) (by increasing a bit the topology
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of NN if necessary) and that the pointwise closure of Y is a subset of the
first Baire class of NN. Let

B={{yeY: y(a)=0}: ac N}

It is clear that B is a subbasis of Y consisting of clopen sets. To see that B
satisfies (2) assume by way to a contradiction, that B|Z = P(Z) for some
infinite Z C Y. Since K =Y is compact, for every ultrafilter & on Z there is
a unique point y(U) € K such that {GN Z : G open, y(U) € G} is included
in U. Note that by our assumption B|Z = P(Z), y(U) # y(V) whenever
U # V. It follows that K has cardinality bigger than the continuum, a
contradiction.

Assume now that (2) holds and fix a continuous map f : NN — P(Y)
such that B = range(f) and consider the copy Y* = {y* : y € Y} defined
in the proof of 7.1 (i), i.e. y* is the characteristic function of the clopen
set {a € NN : y € f(a)}. We claim that the pointwise closure K of Y*
in {0, I}NN is included in the first Baire class of NN. Otherwise, using
Rosenthal’s dychotomy theorem (see [19]) there is a 1-1 mapping = — a,
from 2N into NN and a subsequence {y : n € N} such that for every n,

ynlag) =1 iff z(n) =1

Let Z = {y, : n € N}. To get the desired contradiction we will show that
for every A C N there is B € B such that BN Z = {y, : n € A}. To see
this let = € 2N be the characteristic function of A and B = f(a;). It is easy
to check that B works.

To show that (1) implies (3) it suffices to show that the subbasis B con-
structed in the course of the proof of (1) = (2) also satisfies the stronger
condition (3). This follow from the Rosenthal’s theorem according to which
every infinite sequence Z = {z,}52, contains a converging subsequence
Zoso = {2n, }320- The proof that (3) implies (1) follows from the fact that
(3) is stronger than (2) (just observe that if Z is split into two disjoint
infinite sets, then none of the pieces can be in B|Z).

Remark 7.5 Note that the space (H, 72) considered in example 6.6 satisfies
condition (3) of theorem 7.4 and therefore admits a Rosenthal compactifi-
cation and, in particular, it is Fréchet. In fact, let B be the collection of
all {s} with s € 2<“ together with the subsets A of 2<% such that 2<¥\ A
can be covered by finitely many irrational branches. Then B is a base for
H. Let Z C H be infinite. Then there are two cases: either Z contains

-
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an infinite chain Z,, or it contains an infinite antichain Z,,. For B € B
a neighbourhood of @, these two cases correspond to the two alternatives
given in (3).

Another result worth mention is the following fact closely related to a
result called ‘Szlenk’s theorem’ (see [23]) by Pol [18]

Theorem 7.8 The following are equivalent for an countable analytic space
(Y,7) and a point o€ Y.

1. 'Y is Fréchet at o and whenever {ym »} is a double sequence of elements
of Y such that lim,ym n = o for each m € N, then for each m we can
choose n(m) € N such that {y,, n(m)} converges to o.

2. o has a countable neighbourhood base in Y.

Proof: To prove the non trivial implication (1) = (2), let {y,, : n € N} be a
fixed enumeration of Y \ {o}. Let

A = {aCN:{y,: n€a} does not accumulate to o}
B = {bCN:{yn: n€b} converges to o}

Then A and B are two orthogonal families of subsets of N and, since 7 is
analytic, it follows easily that A is analytic as a subset of the cantor set
2N, Note that (2) reduces to the fact that A, an ideal of subsets of N, is
countably generated. Note also that the assumption that Y is Frechet space
at o reduces to the fact that every a C N which has a finite intersection with
every member of B must belong to A, or in the terminology of [24], that
Bt = A. So (2) is equivalent to the statement that A is countably generated
in Bt. By theorem 3 of [24] if this fails there must be a nonempty family T
of finite subsets of N closed under taking initial segments such that

(a) by = {n € N : n > max(s) and sU{n} € T} belongs to B for every
seT.

(b) Every @ C N with the property that a N {0,---,n — 1} € T for all
n € N must belong to A.

Applying (1) to the family {b; : s € T} of sequences converging to o
we get for each s € T a point i, € b, such that b = {i, : s € T} converges
to o, i.e. belongs to B. However, note that by (b) the sequence ¢ : N — b
defined recursively by o(n) = i,}, has the property that its range is an
infinite subset of b which belongs to A, a contradiction.
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8 Ideals of nowhere dense sets.

Given a topology T over X, we will denote by NW D(r) the collection of
r-nowhere dense sets, i.e. those subsets A C X such that cl,(A) has empty
interior. In this section we address the question of representing a given ideal
over X as the nowhere dense sets with respect to a topology over X. This
problem has been studied in [5]. Let Z be an ideal over X containing all
singletons. Then the dual filter (together with @) is a T} (but not Hausdorff)
topology such that its nowhere dense sets are exactly the sets in Z. Here
we are interested in the following question: given a Borel (analytic) ideal
T -over X, what are the possible topologies 7 such that T = NWD(r)?
For example, it is known that there is no Hausdorff topology 7 such that
NWD(r) = FIN (see [5]). We will see that this result extends to F, ideals.

Let T and J be two ideal on N. We say that they are equivalent, de-
noted by 7 = 7, if there is a bijection from N onto N such that 4 € T if
and only if f~1(A) € J. There are two orders to compare ideals of sub-
sets of N (or any countable set) which has been very successfully used to
study the structural properties of definable ideals. The first one, denoted
by <rk, is called the relation of Tukey reducibility. T <rx J if there is
a monotone (with respect to C) map f : J — T which maps J onto a
cofinal subset of Z, or equivalently, if there is a map ¢ : T = J such that
{A€ZI:f(A)C B} is bounded in T for every B € J. The map g is called
a Tukey map from T into J. It is not hard to see that this is equivalent
to saying that there is a Moore-Smith convergent map from J into Z. We
say that two ideals 7 and J are Tukey equivalent, denoted by T =, J, if
T <rx J and J <px I. The second order, denoted by <pp, is defined as
follows: T <gp J if there is a finite-to-one map (called a Rudin-Blass reduc-
tion) h : N — N such that h~1(A4) € J iff A € . Mathias [15] has shown
that every analytic ideal 7 is Rudin-Blass reducible to FIN, and this was
later extended by Jalali-Naini and Talagrand who showed that the relation
FIN <gp T is a characterization of the class of Baire-measurable ideals on N.

We will start by looking at NW D(1) for 7 an Alexandroff topology (i.e.
by 2.2 a topology which is closed as a subset of the cantor cube).

Theorem 8.1 LetZ be an ideal over a countable set X. ThenZT = NW D(r)
for some Alezandroff topology T over X if, and only if T is equivalent to a
free sum of ideals belonging to the following family: principal ideals, FIN,
FIN x 0 and NWD(Q).

We start by showing that all ideals belonging to the family mentioned
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in theorem 8.1 are representable by an Alexandroff topology.

Proposition 8.2 IfZ is either a principal ideal , FIN, FINX) or NW D(Q),
then there is a To Alezandroff topology T such that T = NW D(r).

Proof: We will define for each case a partial order <, and the topology will
be given by 2.1.

For a principal ideal P(A), let <, be defined by z <, y for all z € A,
and y € A. For FIN, let <, be the usual order over w.

For FIN x B, let <, be defined over w X w as follows: (n,m) <, (n', m’)
if'n < n' and (n,m) <, (n,m') if m' < m, so the order of {n} X w is the
reversed order of w. In other words, we have put a copy of w* for each
element of w. This is a total order without a maximal point, hence a set is
nowhere dense iff it is bounded. From this the result easily follows.

For NWD(Q), let 7 be the smallest topology that makes clopen all
cones w.r.t. the usual extension order over X = w<¥ — {@#} (i.e. that
makes clopen the sets {t : s < t} for all s € w<¥ — {#}). Then (X,7) is
homeomorphic to Q. On the other hand, the identity map witnesses that
NWD(X,7) = NWD(w<¥-{0}) (where w<“ — {0} is given the Alexandroff
topology of the usual extension order).

The next proposition takes care of some cases in the only if part of 8.1.

Proposition 8.3 Let < be a quasi-order over X which is up-directed. One
of the following holds:

(i) NW D(X) is principal.

(1) NWD(X) is a trivial variation of FIN (i.e. there is B C X such
that A € NWD(X) if, and only if AN B is finite. Thus NWD(X) is the
free sum of a principal ideal and FIN).

(i1i)) NWD(X)= FINx 0

Proof: Let M be the set of all maximal elements of X, then NWD(X) =
P(X — M) and hence (i) holds. So we assume that X has no maximal
elements. Let (z,) be a cofinal sequence linearly ordered. Let A, = {z €
X :z < z,}, note that A € NWD(X) if, and only if there is n such that
A C A,. It is known that this condition implies that either (ii) or (iii) hold
(see [12]). In fact, we consider two cases.

Case 1: There is N such that for all n > N, A, — A,, is finite. We will
show that (ii) holds. Let B =X — Ay and A € NWD(X). Let n be such
that A C A,. If » < N then AN B is empty, so we assume that n > N. We
have that AN B = AN (J=n Ai+1 — A;) and therefore AN B is finite. On
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the other hand, if A N B is finite, then it is clear that there is n such that
ACA,.

Case 2: For infinitely many n, A,y — A, is infinite. By passing to
a subsequence we can assume that for all n, A,y — A, is infinite. Let
{zr+1},, be an enumeration of A,y — A, and {22 },, be an enumeration
of Ap. Notice that X = {27 :n,m > 0}. Let f : X = w X w be defined by
f(z%) = (n,m). Then A € NWD(X) if, and only if f[A] € FIN x §.

m

)

Proposition 8.4 Let < be an everywhere branching quasi-order over X
(t.e. for every z there are y,z such that ¢ < y, 2 < 2z and y and z are
incompatible). Then NWD(X) = NWD(w<¥ — {0}).

Proof: It is not difficult to find an isomorphic copy T of w<* — {0} inside X
which is cofinal in X (by induction, using the fact that every element of X
has infinitely many pairwise incompatible successors). We can also assume
w.l.o.g. that T is isomorphic to the collection of non-empty sequences of
even length. The idea to define the isomorphism between w<¢ — {#} and X
is to fill the collection of sequences of odd length with X \7T. For each n > 1,
let B, be the collection of all z € X \ T such that # < ¢t for some t € T
with length 2n. Notice that B, C B,4; and the union of all B, is X \ T
as T is cofinal in X. We can also assume w.l.o.g. that By and B, \ B,
are infinite (if not, then substitute T by its sequences of length 4n). Define
f from X into w<* — {@} as the identity on T, elements of B; are mapped
onto the sequences of length 1 and elements of B, \ B, are mapped onto
the sequences of length 2n + 1.

Proof of 8.1: Note that the ideal of nowhere dense sets of a free sum of
topologies is equivalent to the free sum of the corresponding ideals. Also,
the free sum of Alexandroff topologies is represented by the free sum of the
corresponding partial orders. From this and 8.2 the if part of the theorem
follows.

Let < be a quasi-order over X. Let O be an open dense subset of X. We
first show that we can restrict the question to NW D(O). We consider two
cases: (a) Suppose that every set in NW D(O) is finite, then we have that
Ae NWD(X) iff ANO is finite. Hence NW D(X) is a trivial variation of
FIN. (b) Suppose F € NWD(O) is infinite and fix a bijection g between
FU (X \O) and F. Define a bijection from X onto O by letting f(z) = z
forz ¢ FU(X\O) and f(z) = g(z) for z € FU(X \O). It is easy to check
that f is an isomorphism between NW D(X) and NW D(O).
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Consider the following subsets of X
Po={z € X: Nis up-directed} P, ={z€ X: N;NF =0}

where N, = {y € X : z < y} . It is easy to check that Fy and P,
are open sets and Py U P is dense in X. From the remark above we can
assume that X = Py U P;. Since Py and P, are open and disjoint, then
NWD(X)= NWD(P)) @ NWD(P;). Now, let {D,} be the collection of
all maximal up-directed subsets of Py. Then NWD(Fy) = @, NWD(D,,).
It is obvious that P; is everywhere branching. Now the conclusion follows
from 8.3 and 8.4.

Now we will address the question of when a given ideal is representable
by a Hausdorff topology. First of all, let us observe that if (X, 7) is scattered,
then by a simple induction on the Cantor-Bendixon rank of X it is easy to
check that NWD(r) = P(X()), so NW D(r) is principal. Also observe that
by 4.1 a given G, Hausdorff topology T can have only finitely many limit
points, thus in this case NW D(7) is also principal. So in order to represent
non principal ideals with Hausdorff topologies we must look for topologies
which are as least I3 and not scattered.

We start by showing that if 7 is a Hausdorff topology without isolated
points then NW D(r) is as least as complex as §) x FIN in the Tukey sense.

Theorem 8.5 Let (X, T) be a Hausdorff space without isolated points. There
exists F : NWD(r) = NN monotone, continuous and with cofinal range.
In other words, B x FIN <;x NWD(r) and moreover the map witnessing
this is continuous.

Proof: Let {U,} be a pairwise disjoint family of non empty open sets. Let
Up, = {2,(i)}$2, and n € w. Define F as follows: for S € NWD(r), put

F(S)(n) = max{k : {za(i) }i=y C S}

It is clear that F is continuous and also that F(S)(n) < F(S')(n),if S C §’,
i.e. F is monotone. To see that F is onto, let h € NN and § = {z,(i): n €
w,t < h(n)}. Assuming that S € NWD(r) it is clear that F(S) = h. To
show that S € NW D(r) we observe that for every n € w, SNU, =SNU,
is finite. So if V C S with V non empty and open then there must be an
n such that V N U, is non empty, therefore there is an open subset of U,
contained in S which is a contradiction since every non empty open set is
infinite.

-
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We shall now show that in studying NW D(r) for T, topologies T over
countable sets we may restrict ourselves to topologies that extend the topol-
ogy of the rationals.

Definition 8.8 A w-base of a topological space (X, T) is any family P C
7\ {0} with the property that for every nonempty U € T there isV € P such
that V.CU.

The relevance of this notion here is that a 7-base P of (X, 7) uniquely
determine the family NWD(r) as N € NWD(r) iff for all U € P there is
VePsuchthat VCUand VNN =0.

Lemma 8.7 Let G be a reqular open subset of some space (X, 7) and let 7*
be the topology on X generated by 7 U {X \ G}. Then 7\ {0} is a n-base of
T*.

Proof: A typical nonempty open set of 7* has the form V' \G for some V ¢ 7.
Since G is regular open, V\G # 0 implies V\G # 0, so V\G is a nonempty
T-open set which refines V' \ G.

Theorem 8.8 For every T topology T on some countable set X there is a
topology ™ O T on X such that

(a) T* is generated by T together with some countable collection of subsets
of X.

(b) 7\ {0} is a w-base of T*, so in particular, NWD(t*) = NW D(r).
(c) There is a continuous injection f : (X,7*) = Q.

Proof: Fix an enumeration {z,} of X and using 8.7 build sequences 7 =
70 C 7 C --- of topologies on X and {G,} of subsets of X such that

(i) G, is regular-open in 7y,

(i) z, € G, and z; & cl,, (G,) for i < n,

(ili) Tn41 is generated by 7, U {X \ G,}

Let 7* be the topology generated by ;2 7.. Taking [w]<“ with the
subspace topology induced from the Cantor-set as our copy of Q, define
f: X > [w]<“by f(z) ={n: z € G,}. Clearly f is 1-1 and 7*-continuous
as subbasic clopen sets of [w]<“ are sets of the form {t : ¢ end extends s}
whose preimage under f is equal to (¢, GnNNngs n<mas(s) Grr @ st which
is clopen in 7*.

-
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Remark 8.9 (i) Suppose that (X,7) is Hausdorff and without isolated
points. Is there F : NWD(r) - NWD(Q) monotone, continuous and
with cofinal range?

(ii) Notice that (NWD(Q))“ =rx NWD(Q). So in general, let T be
a T, topology without isolated points, is it true that (NWD(X))“ =rx
NWD(X)?

)

9 Complexities of ideals of nowhere dense sets

In this section we will address the question of the complexity of NW D(r).
Let us start by calculating the upper bound of the projective complexity of
NWD(r) when 7 is analytic.

Ae NWD(r) if,andonlyif VW er\{0}IW er\{B} (W CV & WNA=0)

From this it follows that NW D(7) is II}. If 7 is second countable then by
a direct calculation it is easy to see that NW D(r) is I1. We state this
observation for later reference.

Proposition 9.1 Let 7 be a second countable topology, then NW D(r) is
3.

From 8.5 we know that if 7 is Hausdorff without isolated points then
NWD(r) is not F,. We will show next a stronger result.

Theorem 9.2 Let 7 be a Hausdorff topology over a countable set X without
isolated points and T be a proper F, ideal over X. Then NWD(r)Z I. In
particular, NW D(7) is not F,.

Proof: Let T be a proper F, ideal over X. We can assume w.l.o.g. that
7T =J, F, with each F,, closed hereditary and F,, C F,;,. We consider two
cases:

Case 1: NI = {B}. Since 7 is Hausdorff, let {V,,} be an infinite family of
nonempty pairwise disjoint open sets. By assumption V,, € Z. Since F,, is
closed we have that for a given A C X if every finite subset of A belongs
to F,,, then A € F,,. Then for each n, let K, be a finite subset of V}, such
that K,, € F,,. Let A = [J, K, since each F, is hereditary then A ¢ F,,
ie. A ¢€Z. On the other hand, A € NWD(r) because every finite set is
r-nowhere dense and A NV, is finite.
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Then h='(m) = F} U---UE?, thus h is finite-to-one. To see that h is a
Rudin-Blass reduction, let A C N be infinite, then {n : F} C h71(A4)} is
infinite for each i. Therefore z; € h~1(A) and thus U C h~1(A). This shows
that FIN <z NWD(r|U).

The last claim follows from 9.1 and the fact that @ x FIN <, NWD(r).

Now we will show that NW D(r) can not be p-ideal when 7 is analytic.
Moreover, we will also show that NW D(r) is not included in any proper
analytic p-ideal. This result is related to [17, Problem 256], which asks
whether NW D(Q) can be extended to a p-ideal. Recall that an ideal Z over
a countable set X is called a p-ideal if for every sequence A, € I, thereis a
set A € T such that A\ A, is finite for all n.

We will need the following general fact which is interesting by itself.

Lemma 9.4 Let v be a Hausdorff topology over X without isolated points.
If NWD(1) is a p-ideal, then there is a dense open set U C X such that

NWD(r|U)={ACU: A is closed discrete in U} (4)

Proof: Let us say that a point x € X is near point if there is a nowhere dense
set A such that z ¢ A and z € A. Let Z be the collection of near points
of X. Fix for every z € Z a nowhere dense set A; such that z € 4, \ {z}.
Since NW D(1) was assumed to be a p-ideal, there is a nowhere dense set B
such that A, \ B is finite for all z € Z. Notice that Z C B. Let U = X \ B.
To show that U works first observe that NW D(r|U) = NWD(r)nP(U).
Let A C U be a nowhere dense set and r € A. If x € A\ {z} thenz € Z
and thus z € U. Therefore A is closed discrete in U. On the other hand, if
A is a discrete subset of U then A is obviously nowhere dense.

Theorem 9.5 Let 7 be a Hausdor[f topology over a countable set X without
isolated points and T be an analytic p-ideal over X. Then NWD(r) £ Z. If
moreover T is analytic, then NW D(1) is not a p-ideal.

Proof: We will use the representation of analytic p-ideals in terms of sub-
measures given by Solecki [20]. A map ¢ : P(N) — [0,+00] is a submeasure
if (@) = 0 and p(A4) < (AU B) < p(A) + ¢(B) for all A,B C N. It
is lower semicontinuous if ¢(A4) = lim, ¢(4A N {0,---,n}) for all A C N.
Finally, define ¢*(A4) = lim, ¢(A\ {0,---,n}). The map ¢* satisfies that
¢*(AaB) < ¢*(A) + ¢*(B), in particular ¢* is subadditive. The result of
Solecki [20] is that every analytic p-ideal has the form

-
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Exh(p) = {A C N: ¢"(4) =0} (5)

for some lower semicontinuous submeasure ¢ on N. To show that NW D(r) ¢
T it suffices to construct a nowhere dense set F such that ¢*(F) > 0 where
 is a lower semicontinuous submeasure on X representing T as Exh(¢y). For
that end, we will consider two cases:

Case 1: Suppose there is ¢ € X and ¢ > 0 such that ¢*(U) > ¢ for all open .,
set U with ¢ € U. Let {z,} be an enumeration of X \ {z}. Fix an open
set V,, such that 2, € V,, and z ¢ V,,. Let U, = X \ U;<, Vi- The set U, is
an open neighbourhood of z, thus ¢*(U,) > €. By the lower semicontinuity
of ¢ and (5) we can find finite sets F,, C U, such that ¢(F,) > €¢/2 and
F,NF, =0forn # m. Let F =, F,. Note that o*(F) > ¢/2 (this
follows from the monotonicity of ¢ and the fact that ¢* is invariant under
finite changes). Since F NV, NV is finite for any open set V, then F is
nowhere dense.

Case 2: Suppose for all z € X and all ¢ > 0 there is an open set U such that
¢*(U) < eand ¢ € U. Let § = ¢*(X) > 0 and fix an enumeration {z,}52,
of X and an open neighborhood U, of z, such that ¢*(U,) < § - 2"+2. Let
D, = X \ Ujc, Ui. Using the subaditivity of ¢* we have that ¢*(D,) > £.
Therefore there are finite sets F;, C D,, such that ¢(F,) > % and F,NF,, =0
for n # m. Let F =J,, F,.. Then F is nowhere dense and ¢*(F) > %.

For the second claim let us assume, towards a contradiction, that NW D(r)
is a p-ideal. Then by 9.4 there is a dense open set U such that (4) holds.
Since 7 is analytic, it is easy to check using (4) that NW D(7|U) is an an-
alytic p-ideal. But we have shown above that this is not possible since 7|U
is a Hausdorff topology without isolated points

10 Some ideals which are not representable by T;
topologies

We will present in this section some examples of ideals on a countable set
X which are not of the form NW D(r) for any Hausdorff topology 7 on X.
For example, we will show that @ x FIN is not representable in this way. In
fact, we will show a more general result. For an ideal Z on w let @ x T be
the ideal over w x w given by

OxIT={ACwxw:forall n, {i:(n,i) € A} € T}}
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Proposition 10.1 IfZ is a proper F, ideal over w containing all singletons
then O X I is not of the form NW D(r) for any Hausdorff topology T over
w X w

Proof: Denote ) x T by J. To see this, suppose 7 is a Hausdorff topology
with J C NWD(r), since FIN C J then r has no isolated points. Let
C={0}xw,then C ¢ J. If C € NWD(r) then we are done. Suppose C ¢
NWD(r) and let D C C be such that VN D ¢ NW D(r) for all open V with
VND #. It is easy to check that NW D(r) N"'P(D) = NW D(r|D), where
7|D is the relative topology on D. By 9.2 we know that NWD(r) N P(D)
is not F,, but 7 NP(D) is F,, since it is clearly a copy of Z NP (D’) where
D' ={i:(0,7) € D}.

Our second example is the ideal Z . on w? consisting of all subsets of
the ordinal w? of order type < w?.

Proposition 10.2 The ideal I . is not representable as NW D(t) by any

Hausdorff topology T on w?.

Proof: In fact, let 7 be a Hausdorff topology such that Z C NWD(r).

In particular, every nonempty r-open set has order type w?. Let U, be

a pairwise disjoint sequence of nonempty open sets. For each n choose a
subset A,, C U, of order type w - n. Since each A, is nowhere dense, then
Un Anr is clearly also nowhere dense but it is not in Z.

Our last example is the ideal of order-scattered subsets of Q, that is to
say, the collection of subsets of Q which contains no order-isomorphic copy

of Q.

Proposition 10.3 The ideal of order-scattered subsets of Q is not repre-
sentable as NW D(1) for any Hausdorff topology T over Q.

Proof: Suppose toward a contradiction that there is a Hausdorff topology
on Q such that

NWD(r) = {AC Q: otp(Q) £ otp(A)}.
We will construct two Cantor schemes
{Us: se2<¥}

and
{I,: s€2<¥}

such that for all s € 2<w:
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(i) Us is a T-open set and I, is an open interval in Q,

(i) Ty < Iy,

8

(i) Us N I, is a nonempty non order-scattered set.

Assuming this has been accomplished we will finish the proof. Let A C
2<% be an antichain such that

Ta={s€2<: tA£sforall t e A}

is a perfect subtree of 2<* (take for instance a perfect binary tree T such
that its set of branches [T is nowhere dense in 2N and let A be the minimal
elements of 2<¥ \ T'). For each s € A pick z, € Us; N I, and form the set

N ={z,: s€ A}

Then N is r-discrete and therefore T-nowhere dense. On the other hand, by
the choice of intervals I, and the perfectness of the subtree Ty we infer that
N contains an order-isomorphic copy of Q, a contradiction.

The construction is by induction on the length of s € 2<%, Let Iy =
Up = Q. Suppose U, and I, has been chosen. By inductive assumption
X, = I, N U, is not order-scattered so there must be ¢ € X, such that
X, N (—o00,q) and X, N (¢,+) are both non order-scattered. Let I~, =
I,N(—o00,q) and I~ = I,N(g,+00). Then X;NI~; and X,N I~ are two
non order-scattered subsets of Q and therefore two non T-nowhere-dense
sets. Since 7 is Hausdorff we can find two disjoint T-open sets Uy~, and
U~ such that I~ NU~, and I,~, NU~, are both non r-nowhere dense and
therefore both non order-scattered. This finishes the inductive step and the
proof of the proposition.
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