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Floquet Torus for Perturbations of Product of Quadratic Maps* 

Leonardo Mora 

Here we show the existence of Floquet invariant torus for a perturbation of product of quadratic 
maps. In order to do that we extend the Hopf bifurcation theorem to multiparameter families. 

1 Introduction 

In this paper we consider the family of mappings 

n- 1 
2 h ( a , b ) ( ~ l , .  . . , x n )  = ( a -  X n  f C b i x i , x 1 ,  ..., 2,- 1 ) .  
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where the parameters (a ,  b) = ( a ,  bl ,  ..., bn-l) E Rn. For the parameter ( a ,  b) = ( a ,  0 ) ,  it 
turns out to be that hia,o) is a product of quadratic mappings xi I-+ a - x:. Here we address the 
following problem: There exists invariant tori for this family? Even more, are these invariant tori 
of Floquet Type? 

These questions arise in [MI, where it is proved that the family h(a,b) exhibits invariant 
curves for certain parameters near the value ( a ,  b) = ( 3 / 4 , 0 ) .  The mechanism to produce these 
invariant curves was that of finding parameters where Hopf's bifurcation appears. In turn, that 
was done observing that a t  the parameter (314, O ) ,  the mapping h(,,b) has a fixed point all of 
whose eigenvalues belong to the unit circle. This fact suggests that we could try to find invariant 
tori of higher dimensions. A numerical experiment, shows that for the case n = 4 and the value 
of the parameter a = 0.745, bl = 0.01, b2 = -0.01, and b3 = 0.01 the mapping exhibits a set 
which seems to be an invariant torus of dimension two and not simply an invariant curve. This 
set is showed in Figure 1, the picture was made with Mathematica. 

In this paper we prove the following 

THEOREM 1.1 

For the family of mappings h(,,b) and for each k 1 1, there exists an open set Uk with ( 3 / 4 , 0 )  E 

such that for each ( a ,  b) E U the mapping h(,,-,) exhibits a Ck-normally attracting invariant torus 
whose dimension is s = [ n / 2 ] .  Moreover there exits inside Uk a set Tk of positive Lebesgue 
measure, where the invariant torus are of Floquet type. 

'This work was partially supported by CDCHT project No. C-1060-01-05-B. Also the author would like to 
thanks the support of IMPA-Brasil and ICTP-Italy where part of this work was done. 
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Figure 1. To plot this set we take the point XI  = .49, xz = .5, $3 = 0.4995 and x4 = .49, and the piece of 
orbit {h?a,b)(xl, ..., x4) : n = 85000, ..., 90000.) 

Here an invariant torus for a map h is a set V, which is invariant under h (h(V) = V) 
and ck-diffeomorphic to TS = RS/ZS, the s-dimensional torus. We say that the dynamics on 
the torus is parallel if it is conjugated to  a rotation R+ : 8 E TS I+ 8 + q5 E TS. It is quasi- 
periodic if the components of q5 are rationally independent over ZS. The torus V is of Floquet 
type if there can found coordinates (8, r )  such that h can be written in a neighborhood of V as 
h(8, r )  = ( 8  + q5 + O(r) ,  Ar + O(r)).  

The phenomenon presented above does not appears to  be a one parameter phenomenon, to 
show it we need many parameters parameter. So in order to  prove the theorem above, we extend 
the Hopf's bifurcation theorem to the multiparameter case ( see theorem 3.2 in section 3 ) with 
all eigenvalues of the fixed point belonging to the unit circle. To the best of our knowledge, this is 
the first time this version appears with the requested conditions. For the one parameter version 
please see [B]. The numerical experiment show us that a one parameter family it is not enough 
to catch the invariant torus. 

This result is important because joined with the examples in [MI and [TI shows, on the 
best of our knowledge, the first example of a homoclinic tangency ( higher codimension ) which 
when unfolding it exhibits invariant torus of Floquet type. We have the hope that this example 
could be useful to find open sets in the space of diffeomorphisms which exhibits infinitely many 
invariant Floquet Torus in a persistence way, phenomenon which is widely known to  hold for the 
conservative world. 

This paper is structured as follows: in section 2 we recall normal forms for mappings having 
a fixed point whose all eigenvalues belong to the unit circle. In section 3 we prove an extension 
of Hopf's bifurcation theorem to  the multiparameter case. In section 4 we show the proof of 
theorem 1.1, using the extension's of Hopf's bifurcation theorem. 

2 Invariant Torus 

Let gp : Tn x RF -+ Tn x Rn be a family of Cw maps depending on the parameter p E V c R1. 
Let gp(8, r )  = Np(8, r )  + O(lrI5) and Np(8, r )  = (a, R) with 
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Let us put mj = Cy c j l ( p )  and define the map 

Let gCL(8, r )  as above. Assume that is a submersion and that for all j = 1, ..., n, at p = pO we 
have that a j ( p )  = 1, mj < 0(> 0 )  and cjj < 0(> 0 ) .  Then: 

i )  There exists an open set UPok in  the parameter space with po E Gpok such that i f  p E Up,, 
then has a  no norm all^ attracting (repelling) invariant torus of dimension n. 

ii) Moreover, if the map a2 : p H ($1 ( p ) ,  ..., $ n ( p ) )  is a submersion, then inside UPok there 
exists a set 7 of positive Lebesgue measure such that the invariant torus obtained are of 
Floquet type. Also we get that po E 7. 

PROOF Let us consider the case mj < 0 and cjj < 0 .  The other one being treated in  a similar 
way considering g;' instead of g P .  Also let us assume without lose of generality that po = 0.  
Since is a submersion, we can take a i ( p )  - 1 as the first coordinates of p for i = 1, ..., n. From 
now on we assume a i ( p )  = 1 + pi. 

As for the first part, first of all, we look for an invariant torus of the mapping NP(8 ,  r ) .  The 
simplest way to do this, is looking for solutions of the equations 

We look them at the diagonal, i.e. rl = ... = r,. Then we need to solve the systems 

1 1 1 We observe that for the mapping F : (a l ,  ..., a,) H ((1 - I ) - ,  ..., (an - l )&)  we have 
m 1 

that det D F ( 1 ,  ..., 1) = # 0.  From here, we get the existence of a curve ~ ( t )  in the 
parameter space (a l ,  ..., a,), included in  the set defined by { ( a l ,  ..., a,) : a ( a j  - 1 ) )  < 0 )  with 
~ ( t )  + ( I ,  ..., 1)  when t + 0 and such that (a l ,  ... a,) = ~ ( t )  solves 4 with rj = t .  

&om here on, we restrict to the parameters given b y  p ( t )  = ( ~ ( t ) ,  pn+l, .. . , pl )  where pi, i = 
n + 1, ... 1 are assumed small enough. So we have a family of mappings gt = g,(t) : ( 8 , r )  H 
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(Ot ,  Rt) + O ( )  r 1 5 )  with O t ,  Rt having the form of 1. Now we introduce the following change of 
coordinates: zl H r1 = t ( l  + t z l )  and get that 

and 

AS a consequence, gt(8,  z )  = ( O t ( 8 ,  z ) ,  %(el z ) )  + O ( t 3 )  = ( e t ( 8 ,  z ) ,  R t ( 8 ,  z ) ) .  

In order to get the invariant torus we are looking for, we apply the following proposition ( see 
[SSTCh, Theor. 4.2, pag. 2421 ). 
THEOREM 2.2 

-- 
Let the Cm-mapping g : (8 ,  z )  H (0, R) be defined i n  Tn x IRF and such that it holds the following 
conditions: 

1. JJD,RII < 1 for all 8 ;  

2. 8 H a is a diffeomorphisms for all z ;  

then the mapping g has an invariant torus of dimension n in  Tn x IWF which is normally attractor. 
This torus is given as the graph of a function h : Tn + IR? which is a C 1  map. Moreover, if we 
have that 

# 
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h is a C k  map, i.e. the invariant torus above is c k .  

So it is enough to check that the mappings gt accomplish the conditions of the above proposition 
for t small enough. 

1 
In orde~ to check the first condition, we observe that IDzRtII < maxj{ l  + Z a j c j j t 2  + 0 ( t 3 ) )  

which is less than 1 for t small enough since cjj < 0.  The second condition is immediately verified 
since the mapping 8 I+ 8 + 4(O), with 4 ( t )  = (41(t) ,  . . . , +,(t)), is a diffeomorphism and for t 
small enough 8 I+ O is so close as we want of 8 H 8 + @ ( O )  as can be seeing from 6. For 
checking condition 3, we have that : ( (DzOtJ (  = 0 ( t 3 ) ,  IIDilOtll = 1 - O(t),llDeRtll = O(t3)  
and IJDzRt 1 1  = 1 - O( t2 ) .  Therefore 

and 

So the 4 conditions have been checked, and we obtained for each parameter t near enough to 
0 the existence of an invariant torus Ck-normally attracting. So we can conclude the existence of 
a set Upok as stated in the item i )  of the proposition because for each t as above we get an open 
set around p ( t )  for which the invariant torus persists. 

As for the second part, we choose k' large enough in item i )  so the Central Manzfold Theorem 
allows us to write the invariant tori T p  found in item i) for each p around p ( t )  as the graph 
of a ck' function $(8 ,  P )  and, in turn, from the form of g p  we get that g p  can be written in a 
neighborhood of each T p  as follows 
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We observe that for each p ( t ) ,  II+(O, p)II can be done small enough uniformly in 8, just taking 
p near enough p ( t ) .  This fact implies the map above can be viewed as a perturbation of 

for which we have that the map p H (a l ,  ..., a,, 41, ..., 4,) is a submersion as well as (ajl # 1 
for each p ( t )  small. Since the form of the rj 's part of the map we can apply the diffeomorphism's 
version of the quasi-periodic stability theorem [BHS, Theor. 2.3, pag. 461 in order to get the 
conclusion of the item ii). We remark that finite differentiability version of this theorem ;mplies 
the loose of differentiability for the invariant torus, see [BHTS, pag. 791, that is why we choose 
k' large enough. 

3 Normal Forms 

In this section we recall normal forms for mappings f which have a fixed point p with all of 
eigenvalues of D f (p) belongs to the unit circle. So, consider f,:U -+ Rn, a family of Cm- 
diffeomorphisms defined on an open set U c Rn with the parameter p varying in the open set 
V c R1. Suppose that p = 0 E U and f,(O) = 0 for all p .  The Taylor expansion of f ,  around 0 
is given by 

f,(x) = A(P)X  + f; + f; + ~ ( I X I ~ ) ,  

with A ( p )  = D f,(O) and where f i ,  f z  are mappings whose components are homogeneous poly- 
nomials of degree 2 and 3 respectively. 

Assume that A ( p )  has n complex eigenvalues 

which for p = po belong to  the unit circle. After a basis change, we have that A ( p )  at  pO is in 
its real Jordan normal form, i.e. if Aj (p )  = a j ( p )  + i P j ( p ) ,  then 

In order to work the normal form, we introduce the following change of coordinates P z  = x 
with z = (21, ..., zZs) ,  where 

d 
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with I, the identity matrix of size s. 

Now we assume that x ,  z have complex coordinates. We remark that when x is restricted to 
get real values we have that z,+j = Zj. In these new coordinates f, is written as 

f,(z) = Jx + f;(z) + f i b )  + O(lzI4), 

where J is a diagonal matrix with diagonal given by (Xl(p), ..., X2,(p)). Here, f i ( z ) ,  f i ( z )  are 
again mappings whose coordinates are polynomials of degree 2 and 3 respectively. 

We assume now, nonresonance conditions of order 2 for the eigenvalues Xj(p), i.e. Xj(p) # 
Xil  (p)mlXiz(p)mz, with m l  + m2 = 2. So with a change of variables we get that, in these new 
variables f i ( z )  = 0. 

With regard to order 3 terms, we observe that the following terms zjJzl12 which appears in - 
the j -  component cannot be eliminated never, since they are resonant ( X j  = XjXIXl  = XjlX1I2). 
The others one, do can be eliminated assuming nonresonant conditions on it, i.e. Xj(p) # 
Xil(p)m1Xiz(p)m2Xig(p)mZ where i3 # i2+s if il = j, ml  = m2 = mg = 1 with j, i l ,  22, i3 = 1, ..., s 
a n d m l + m 2 + m 3 = 3 .  

So with these assumptions, the j component of the map f, can be written as 

Also remember, that normal form theory says to us that fPj(z) = f , j+s(~) for j = 1, ..., S. 

To find the normal form for f,, which we are going to use, we introduce polar coordinates 
en each coordinate Z j .  SO let Bj, r j  be such that zj = rj expiej. If 8 = (el, ..., O,), r = ( r l ,  ..., r,) 
and fpj(8,r)  = R j e x p i O j  and fPj+,(8,r) = Rj exp -iOj for j = 1, ..., s. Then O j , R j  have 
the following expression 

where X j ( p )  = (Xj(p)I exp i4 j (p)  and j = 1, ... S. 
Summing up, we get the following proposition 

THEOREM 3.1 

Let f, : U -+ Rn be a family of Cm diffeomorphisms. Suppose that this family satisfy the following 
conditions: 

* 
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2. D fp(0)  has n complex eigenvalues X I  ( p ) ,  ..., Xs(p),  Xs+l(p) = X i  ( p ) ,  ..., XzS(p) = h ( p )  
such that lXj(p)l = 1 for p  = po; 

3. The eigenvalues X j  accomplish the nonresonant conditions. 

(a) Xj(p) # X i 1  ( ~ ) ~ ' X i ~ ( p ) ~ ~  with ml + m2 = 2 and j ,  m l ,  m2 = 1, ..., 2s;  

(b) Xj (p)  # X i l  ( ~ ) ~ l X i ,  (p)mzXi3(p)m2 where i3 # i2+s if il = j and ml  = m2 = m3 = 1 
with j ,  i l l  i2 ,  i3 = 1, ..., 2s and ml  + m2 + m3 = 3. 

Then there exists new coordinates ( 8 , r ) ,  which depend in a smooth way of p  such that 

with gp(8, r )  = (0, R) with the following form 

with c j l ( p ) ,  d j l ( p )  smooth functions of p  which are defined as follows: 

where the yjl are given as i n  12 and, i n  turn, these are defined by terms which are built up with 
terms up to order three of the mapping f p  i n  the initial coordinates. 

As an immediate corollary we get the following theorem which is a extension of the Hopf's 
bifurcation theorem to  multiparameter families. 

THEOREM 3.2 

Let f p  : U + Rn be a family of Coo-difleomorphisms. Suppose that f p  satisfies: 

2. D fp(0)  has n complex eigenvalues X1(p), ..., Xs(p),  XS+I(P) = X I  ( p ) ,  ..., & S ( P )  = 
such that IXj(p) 1 = 1 for / L  = PO; 

3. Xj (p)  # X i ,  ( p )ml  X i 2  ( l . ~ ) ~ ~ X i ~ ( p ) ~ ~  where is # i2 + s if il = j and ml = m2 = m3 = 1 
with j ,  i l l  i2, i3 = 1, ..., 2s and ml + m2 + m3 = 3;  

4 .  the map p H ( IX1(p ) ( , . .  . , lXS(p)l) is a submersion. 
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A s  well as we assume that  the derivatives u p  t o  third order of f p  accomplish generic conditions, 
then 

1. for each k 1 1, there exists a n  open set ZAk, in the space the parameters, such that po E 
and for all p E U k  f p  exhibits a ck invariant torus of dimension [n/2] either normally 
attracting or  repelling. 

2. Assuming that A j  ( p )  = I A j  ( p )  1 exp i4j ( p )  and that p H (41 (p ) ,  . . . , (p))  i s  a submer- 
sion, then inside l.4 there exists another set ?j, such that the invariant torus obtained for 
parameters there in is  of Floquet type. This  set has positive Lebesgue measure and po E 

2 4 The quadratic family h(,,b)(xl, . . . , xn) = ( a  - x,, X I ,  ..., x,-1) 

In this section we want to use the results of the last section in order to show the existence of 
invariant tori of Floquet type for the family h(a,b) when the parameters (a, b) are near enough to 
(3/4,0). First of all, we are going to recall how evolves the dynamics of h(a,b) at the fixed points. 

4.1 Fixed points 

To begin with, we observe that its fixed points are given by the equations 

2 a + E b j ) x l  - x n  = X I ,  and x l  = x 2  ,..., xu-1 = x n ,  
j=1 

(18) 

- -(l-zZ b j ) f  d(l-~yc; bj)2+4a (1-Cn:; bj)2  so xnf = xf - 
n,(a,b) 2 

F o r a l -  ; there exist two fixed 
points 

4.2 Eigenvalues at P 

The characteristic polynomial of Dh(a,b) is given by 

n-1 

P(a,b) ( A )  = An - C bjAn-i + 2xn. 
j=l 

We want to study this family for the parameters (a, 0). So let ha = h(,,-,). From 20 we get that 
Dh, has eigenvalues given by An = -22,. For P if a E [-114,314) then ( - 2ax;,,( < 1 so P is 
an attractor. At a = 314, Dha (P )  has n eigenvalues which are solutions of An = -1. After this 
value, that is for a E (314, m), P became a repeller fixed point. 

I 
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For ( a ,  b) = ( 3 / 4 , 0 )  at the point P ,  Dh,  has the eigenvalues A = expin(2k + l ) / n ,  for 
k = 0 ,  ..., n - 1. When n is odd -1 is included in that set. 

For s = [ n / 2 ] ,  let {A1 ( a ,  b) , A1 ( a ,  b) , . . . , A, ( a ,  b) , A, ( a ,  b) ) and 
{Al(a ,  b) ,  h ( a ,  b), ..., A,(a, b) ,  &(a,  b) ,  A,+l(a, b ) )  be the eigenvalues of Dh(,.b)(P) for n even 
and odd respectively. We choose the index in such a way that A,+l(a, b) E R. It is'easily seen that 
vx = ( p - 1 ,  An-2 , ..., A, 1) is an eigenvector associated to the eigenvalue A. Also the eigenvalues 
of Dh3/4(P)  are simple so it is diagonalizable. Since the set formed by the eigenvectors is a base 
of the space over @, then the the set formed by Revx,, Imvx, for all i it is also a base of the 
space. Put &(a,  b) = IAi(a, b)l exp iOi(a, b ) .  Observe that when n is odd then B,+l(a, b) = 0. 
The following proposition is proved in [MI. 

LEMMA 4.1 Let  f i (a ,  b) = IAi(a, b)l fo r  i = 1,  ..., s o r  i = 1, ..., s ,  s + 1 depending o n  the  parity 
of n .  T h e n  t he  vec tors  { V  f i (3 /4 ,  O ) ,  VOi(3/4, O))t=l 
( { V  f i(3/4,  O ) ,  VOi(3/4,0));='=, U { V  f,+l ( 3 / 4 , 0 ) ) )  are l inearly independent .  

4.3 Preliminary Normal Form 

Now we are going to bring h(a,o) into the form 12 around the point P and for ( a ,  b) near enough 
to (314, O ) ,  so we can apply theorem to this family. Firstly, let us move P to zero. So let 

l(a,b) ( 1 ) )  = 1) + P then, using 18, h(a, b)  = lctb) h(a, b)  l(a,b) is given by 

We observe that Dh(a,b)(0)  is diagonalizable for the parameters under consideration. Let S be 
the matrix which brings Dh(a,b)(o) into diagonal form. It  is easily seen that 

where A1,  &, ..., A,, and A1, x, ..., A,, x, An are the eigenvalues of Dh(a,b) accordingly whether 
n is even or odd and where s = [n /2] .  Here, when n is even it must be understood that the last 
column of S is missing. 

Assume from now on that n is even. Consider Aj = aj + i& and A$ = o/: + i@, then if we 
take the following base 
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H has the real Jordan canonical form HR when written in this base. Let 

then HR = sil o H o Sw Now put Swy = q SO h(a,b) in this new coordinates is written as 

In order to get a normal form we make the variables yi complex. Let us introduce the following 
coordinates Pz = y con z = (zl , ..., z ~ ~ ) ,  as in section 3. In this new coordinates we get that 

We need to compute 

In order to do that ,  we observe that SR 0 P = S. Let pn(A) = ( A  - Ai)qi(A). In [MI, it was 
7 for 2 = 1, ..., s. computed that Bi = l/qi(Ai) and a t  (3/4, O), Bi(3/4,0) = nAj- 
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4.4 Existence of invariant Torus: 

In this section we want to apply Theorem 3.2 in order to  get the existence of invariant torus as 
stated in Theorem 1.1. For doing that we will use the preliminary normal form computed in the las 
subsection and the formula developed in the appendix to compute the coefficients of the resonant 
cubic terms. We observe that the eigenvalues X i  of Dh(a ,b ) (P)  satisfies non resonant conditions of 
order two for all ( a ,  b) near (314, O ) ,  but it does not happen the same with nonresonant conditions 
of order three different from those as X i  = X i X j x j .  

We are going to consider two cases: 

- Case i )  n is even. 

We are going to proof the following proposition 

THEOREM 4.1 

There exists a surface S i n  the parameter space with ( 3 / 4 , 0 )  E S such that in a small neighborhood 
B c S of ( 3 / 4 , 0 )  there exists a dense set T C B with ( 3 / 4 , 0 )  E T satisfying the following: for 
each parameter ( 3 / 4 , 0 )  E T the map  h(a,o) satisfies the conditions of the Theorem 3.2. 

From this the proof of Theorem 1.1 follows immediately. 

PROOF [Proof of Proposition 4.1 ] 
We know by the last subsection that 

- 
with Bi = Bi+, for all i = 1,  ..., s .  Now putting Z = ( z l ,  ..., 2,) and Z = ( z , + ~ ,  ..., 22,) we get 

that 

with 
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where M = a (+) and Is  is the identity matrix of site s. We remark that = hi+' 
Is Is (ah) 

for all i = 1, ..., s.  
' 

We let S = { ( a , b )  : IXl(a,b)l = ...  = IXs(a, b)l = I ) ,  by  lemma 4.1 we get that S is a 
codimension s surface in  a neighborhood of ( a ,  b). Now let T the set inside S where the X i  satisfy 
nonresonant conditions of order three ( except the non evitable resonant terms) and four. 

So we can write, after a change of coordinates, which we follow calling Z,Z, 

7'2 j Lemma 5.2 permits us to compute y i j .  What we want to check then is that cij = X(--) < 0. 
X i  

But these coeficients depend continuously on the parameters ( a ,  b), so it is enough to check 
the inequality when ( a ,  b) = ( 3 / 4 , 0 ) .  

1 1 1 
For this value of the parameter we have that Bi = - = - - X i  = --, and so, by lemma 

n ~ y - l  n nXi 



14 Leonardo Mora 

Introducing the value of Bi above, we get 

XZXj XZXj 
- 4( + 

(Xi - XsXj)(Xs - XiXj) (A, - XiXj)(Xi - x,xj) 

Now we collect together the terms of the above expression as follows: from each group (1),(2) 
or (3)  i n  the above equation we select one term so the above equation become a sum  of terms of 
the following form 

which by lemma 5.1 each one has positive real part. I n  particular when i = j we get that 
!J?(&i) < 0 and so we are i n  the conditions of Theorem 3.2, thus we are done in this case. o 

- Case ii) n is odd: In this case consider the surface S = {(a, b) : IXl(a, b)l = = JX,(a, b)l = 
IAs+~ = 1)1, as in the above case this is a codimension one surface in a neighborhood of (3/4,0) E 
S. This surface is foliated by the surfaces = c) with c near enough to -1. We are going 
to get the theorem applying Theorem 3.2 to  the maps h(,,+) restricted to the central manifold 
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associated to the eigenvalues X i  with i = 1 , 2 , .  . . ,2s.  In order to do that we need to write first 
h(a,b) as follows 

= HRY - (91 + . . + ys + Y , ) ~  sil i') a 

where HR is the real canonical Jordan form of H as in section 4.3 and S R y  = q with 

Now letting the coordinates yl ,  . . . y,, y,+l,. . . y2, be complex coordinates and putting as in 
section 3,  

(z17.",2SlzS+1,".7z2S) = P ( ~ l , " ' l y ~ l y ~ + l ~ ~ " , ~ ~ S )  

and z, = y, we get that in this new coordinates z = (21, .  . . , z,, z,+l,. . . , z2,, 2,) 

- 
with Bi = Bi+, for all i = 1, ..., s. 

Once done this, we compute h(,,b) restricted to  the central manifold C associated to the 
eigenvalues 

X 1 ,  1 As, Xs+1, a * . ,  X2s 

. In order to do that we start putting the central manifold as the graph of 

where Z = ( 2 1 , .  . . , z,) and = (z,+1,. . . ,228). 
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L E M M A  4.2 For 4 as above we have 

a .  ' - Bn 
" -4(An - A&) 

PROOF 

These formulas follow solving the equation h(a,b)(Z, Z ,  4 (Z ,  Z )  = (W, W, 4(W, W)) for the 
coeficients aij,pij and Ti j o 

In order to apply Theorem 3.2 we need to compute the quadratic and cubic terms of h(,,b) lC. 
Observe that (h(a,b) (C)i ,  the i - th component of h(a,b), is written as : 

From here we get 

As in the above case, we only need to check that certain coefficients are negative. The 
quadratic part produces coefficients that are treated as when n is even. Indeed we will be worried 
about just the terms 

C 8 1 q s f r . &  + C ( a i 1  + al i ) q r r a .  

SO we need to check that 
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-1 
Since for (a, b )  = (3/4,0) we get Bi = - and as An = -1 we have that 

n A i  

if (a, b )  w (a, 0) .  That is what we wanted to proof. 

5 Appendix 

In this appendix we present two technical result. The first one treats about the positiveness of 
the real part of certain expression of complex numbers. The second one treats about the formula 
to compute third order resonant terms. 

LEMMA 5.1 Consider an expression of the form 

with a ,  b,  c E R. Then  %(z) 2 0. 

PROOF A little bit of algebra show us that 

41.11 - e(a+b+c)i12 + 4cos(a + b + c)] sin2((a + b + c)/2) 
%(z) = 11 - e(a+b+~)i 4 I 

- - 811 + cos(a + b + c)] sin2((a + b + c)/2) 
0, 11 - e(a+b+c)i 4 I 

As for the second result we consider a map 

h ( z ,  Z )  = (E, E) 
- - 

where (2, Z )  = (21, ..., zs,F1, ..., z,), E = (el, ..., e,) and E = (el, ..., G).  
We suppose that the map ei has the following form: 
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where M = a (+) and Is is the identity matrix of size s. As well as suppose that 
Is Is 

X i ,  Xi satisfy nonresonant conditions of order two and three as in Proposition 3.1. Then it can be 
eliminated with a change of variables the quadratic terms and the nonresonant cubic terms. The 
next lemma give us a formula to compute the resonant cubic terms. 

L E M M A  5.2 in  the above conditions , there exists a change of coordinates @ ( Z , Z )  such that zf 
H ( z , Z )  = (c l ,  ..., cs, C1,  ..., E s )  is  the expression i n  this new coordinates of h, then 

2 
C, = Xizi + Cpi.q(zjl + h.0.t. 

with 

BiBsXj B~ B ~ X ~  
- 4Xs( + 

( X i  - X s X j )  (As  - X i & )  ( A s  - & A j )  ( X i  - ,ASS;,) ) 

We want to do a change of coordinates which kill all quadratic terms. This change of coordi- 
nates has the following form: 

Z  
con @'(Z1 7)  = zi + (2, Z ) N i  ( - ) with N' = (TI;,) a matrix of sire 2s .  From the above equation 

Z  
we conclude that 

- 
@-'(w,W) = (*; ' (W~W)~ ..., * ; l ( ~ , W ) , ~ ~ l ( ~ , W ) ,  w ) ~ T ~ ~ ( w , W ) ,  

I 
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W  
with V:'(W, W) = wi - (w, w)N'(  ) + h.0.t 

- 
let H ( Z ,  2) be the map o h 0 @(z, Z), and put (9 ,T)  = ( 9 1 ,  ..., *,,TI, ..., 9,) , h o - 

@ ( Z , Z )  = (d l ,  ..., d , , z l ,  ..., d,) = (D ,D)  and H ( z , ~ )  = (c l ,  ..., c, ,El ,  ..., E , ) ,  then 

From here we get that 

So we can conclude that: 

1. lineal terms of Q :  X i  zi . 

2. Quadratic terms of q :  

3. Cubic terms of ci: 
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We get, from the vanishing condition on the quadratic terms c8, that the matrix N i  has the 
following form: 

where j , k  = 1; ..., s .  

Expanding the formula for c:, we get 

Let p; the term of c: which match the monomial z,.zj%. Then we get from the last equation 
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- 
+BS(nisjXj + n&,+jXj) 

and using the formula for the matrix N~ we get 

that is what we want to show. 
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