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Floquet Torus for Perturbations of Product of Quadratic Maps*

Leonardo Mora

Here we show the existence of Floquet invariant torus for a perturbation of product of quadratic
maps. In order to do that we extend the Hopf bifurcation theorem to multiparameter families.

1 Introduction

In this paper we consider the family of mappings

n—1

h(a,b)(xl, - ,.Z'n) = (a — .’Ei —+ Zbia:i,arl, ...,.’En_l),
1

where the parameters (a,b) = (a,b1,...,bp—1) € R™. For the parameter {a,b) = (a,0), it
turns out to be that h’?a,O) is a product of quadratic mappings z; — a — :vf Here we address the
following problem: There exists invariant tori for this family? Even more, are these invariant tori
of Floquet Type?

These questions arise in [M], where it is proved that the family h(,y) exhibits invariant
curves for certain parameters near the value (a,b) = (3/4,0). The mechanism to produce these
invariant curves was that of finding parameters where Hopf’s bifurcation appears. In turn, that
was done observing that at the parameter (3/4,0), the mapping h(, 1,y has a fixed point all of
whose eigenvalues belong to the unit circle. This fact suggests that we could try to find invariant
tori of higher dimensions. A numerical experiment, shows that for the case n = 4 and the value
of the parameter a = 0.745, b; = 0.01, b = —0.01, and b3 = 0.01 the mapping exhibits a set
which seems to be an invariant torus of dimension two and not simply an invariant curve. This
set is showed in Figure 1, the picture was made with Mathematica.

In this paper we prove the following
THEOREM 1.1

For the family of mappings h, 1, and for each k > 1, there exists an open set Uy with (3/4,0) € Uy,
such that for each (a,b) € U the mapping h(q 1) ezhibits a C*-normally attracting invariant torus
whose dimension is s = [n/2]. Moreover there ezits inside Uy a set T of positive Lebesgue
measure, where the invariant torus are of Floguet type.

*This work was partially supported by CDCHT project No. C-1060-01-05-B. Also the author would like to
thanks the support of IMPA-Brasil and ICTP-Italy where part of this work was done.



2 Leonardo Mora

Figure 1. To plot this set we take the point z) = .49, z2 = .5, 23 = 0.4995 and x4 = .49, and the piece of
orbit {hf}, v (1, ...,24) : n = 85000, ...,90000.}

Here an invariant torus for a map h is a set V, which is invariant under h (h(V) = V)
and Ck-diffeomorphic to T® = R®/Z*, the s-dimensional torus. We say that the dynamics on
the torus is parallel if it is conjugated to a rotation Ry : @ € T° — 0 + ¢ € T®. It is quasi-
periodic if the components of ¢ are rationally independent over Z°. The torus V is of Floguet
type if there can found coordinates (@,r) such that h can be written in a neighborhood of V as
h(8,r) = (6 + ¢ + O(r), Ar + O(r)).

The phenomenon presented above does not appears to be a one parameter phenomenon, to
show it we need many parameters parameter. So in order to prove the theorem above, we extend
the Hopf’s bifurcation theorem to the multiparameter case ( see theorem 3.2 in section 3 ) with
all eigenvalues of the fixed point belonging to the unit circle. To the best of our knowledge, this is
the first time this version appears with the requested conditions. For the one parameter version
please see [B]. The numerical experiment show us that a one parameter family it is not enough
to catch the invariant torus.

This result is important because joined with the examples in [M] and [T] shows, on the
best of our knowledge, the first example of a homoclinic tangency ( higher codimension ) which
when unfolding it exhibits invariant torus of Floquet type. We have the hope that this example
could be useful to find open sets in the space of diffeomorphisms which exhibits infinitely many
invariant Floquet Torus in a persistence way, phenomenon which is widely known to hold for the
conservative world.

This paper is structured as follows: in section 2 we recall normal forms for mappings having
a fixed point whose all eigenvalues belong to the unit circle. In section 3 we prove an extension
of Hopf’s bifurcation theorem to the multiparameter case. In section 4 we show the proof of
theorem 1.1, using the extension’s of Hopf's bifurcation theorem.

2 Invariant Torus

Let g, : T" x R} — T™ x R™ be a family of C"° maps depending on the parameter € V C R
Let gu(0,r) = Np(0,r) + O(|r|?) and N,(0,r) = (©,R) with

’



Floquet Torus for Perturbations of Product of Quadratic Maps 3

R;(0,r) =a;(u rj1+zcj, )r2) (1)
0;(0,r) =0, + ¢;(u +Zdﬂ ). (2)

Let us put mj = > _7 ¢;i(p) and define the map

D1 : p (aa(p), .., an ()
THEOREM 2.1

Let g,(0,r) as above. Assume that ® is a submersion and that for all j =1,...,n, at p = py we
have that a;j(p) =1, m; < 0(>0) and ¢;; < 0(> 0). Then:

i) There ezists an open set U,  in the parameter space with pg € H,Lok such that if p € Uy,
then has a C*-normally attracting (repelling) invariant torus of dimension n.

i) Moreover, if the map @2 : p — (¢1(n), ..., $n(p)) is a submersion, then inside U, . there
erists a set T of positive Lebesque measure such that the invariant torus obtained are of
Floquet type. Also we get that pg € T.

PROOF Let us consider the case m; < 0 and cj; < 0. The other one being treated in a similar
way considering g;l instead of g,. Also let us assume without lose of generality that py = 0.
Since @ 1s a submersion, we can take a;(p) — 1 as the first coordinates of u fori=1,...,n. From
now on we assume a;(pn) =1+ ;.

As for the first part, first of all, we look for an invariant torus of the mapping N, (6,r). The
simplest way to do this, is looking for solutions of the equations

R;(0,r) =ayr;(1 + Zcﬂ yri) = T (3)

We look them at the diagonal, i.e. r1 = ... = r,. Then we need to solve the systems
Ozj(l + ijJz) =1. (4)
We observe that for the mapping F : (ay,...,0p) > ((Oti1 - 1)%,...,(;1; — 1)51:) we have
that det DF(1,...,1) = R(I__lm&ﬂ # 0. From here, we get the existence of a curve ¥(t) in the

parameter space (al, vy ), tncluded in the set defined by {(cq,...,an) : %(aj — 1)} < 0} with
¥(t) = (1,...,1) when t — 0 and such that (o1, ...an) = ¥(t) solves 4 with rj =t.

From here on, we restrict to the parameters given by u(t) = (Y(t), pn+1, ..., 1) where pi i =
n+ 1,..1 are assumed small enough. So we have a family of mappings g = g, : (0,1) —

4
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(@4, Ry) + O(| r |°) with O, Ry having the form of 1. Now we introduce the following change of
coordinates: z; — 1 = t(1 + tz;) and get that

Rtj(e, Z) = [aj(l + tzj)(l + ch[t2(l + tz[)2) — 1]%
1

n n n
= [a;(1+ Z ciit?) + 2a;4 Z cjlth[ + a;j Z ciit* 2+
1 1 1

n
1
t2:(1 4201 + t2:)2) — 11=
ajtz;( +Zcﬂt (1 +1t25)%) l]t
1
= [2aj Z cjlth[ + aj Z cjlt4z[2 + ajtzj(l + Z Cj[t2(1 + tz,)z]?
1 1 1

n n
= aij(]. + Z Cj[tz) + 2aj Z Cj[t221 + O(ts)
1 1

n
= z; + 205 chlt2zl +O(t%)
1

and

n
©;(0,2) = 6; + ¢;(t) + > _ djut*(1 + ta)?
1

n (6)
=6; + ¢;(t) + O _ dj)t® + O(t%).
1
As a consequence, g1(0,z) = (ét(e,z),f{t(e,z)) + O(t3) = (04(0, 2), R4(6,2)).

In order to get the invariant torus we are looking for, we apply the following proposition ( see
[SSTCh, Theor. 4.2, pag. 242] ).

THEOREM 2.2

Let the C®-mapping g : (0,2z) — (©,R) be defined in T x RS and such that it holds the following
conditions:

1. ||D.R|| < 1 for all 6;

2. 0 — © is a diffeomorphisms for all z;

3. 2\/H(Deﬁ)‘lH-IIDzﬁll-llDoﬁ-(Doﬁ)‘l|| <1-I(De®)~!|.| DR |;

then the mapping g has an invariant torus of dimension n in T™ x R} which is normally attractor.

This torus is given as the graph of a function h : T" — R} which is a C! map. Moreover, if we
have that

4



Floquet Torus for Perturbations of Product of Quadratic Maps 5

“/(ID:R]| + | D;8..11 DeR.(Ds®)[[)  (D®) ¥ <

1~ /I(De®)1.| D,B]|.IDsR.(D6®) 1], (7)
h is a C* map, i.e. the invariant torus above is C¥.

So it is enough to check that the mappings g; accomplish the conditions of the above proposition
for t small enough.

1
In order to check the first condition, we observe that ||DR|| < max;{1 + Ecxjcjjt2 + 0%}

which is less than 1 for t small enough since cj; < 0. The second condition is immediately verified
since the mapping 6 — 0 + ¢(0), with ¢(t) = (P1(t),...,dn(t)), is a diffeomorphism and for t
small enough @ — © is so close as we want of @ — 8 + ¢(0) as can be seeing from 6. For
checking condition 3, we have that : ||D, O = O(3), | Dg'@:|| = 1 — O(t),| DeRs| = O(t3)
and | DR¢|| = 1 — O(t?). Therefore

2\/11D5'@c|I1D:: || DsRe. Dy O] < O(£/?)
<O(t) 1~ ||Dg'©;|.| DR

and

"*\I/(HDzﬁII +11D28||.| DeR.(Dg®) |} [|(De®) [k < 1 - O(2) o

<1-0(t*) < 1 - /||(De®)~"].| D, B||.|| DeR.(Dg®)1].

So the { conditions have been checked, and we obtained for each parameter t near enough to
0 the existence of an invariant torus C*-normally attracting. So we can conclude the ezistence of
a set Uy, k as stated in the item i) of the proposition because for each t as above we get an open
set around pu(t) for which the invariant torus persists.

As for the second part, we choose k' large enough in item 1) so the Central Manifold Theorem
allows us to write the invariant tori T, found in item i) for each p around p(t) as the graph
of a C* function ¥(0, 1) and, in turn, from the form of g, we get that g, can be written in a
neighborhood of each T,, as follows

0; = 0; + ¢5(n) + > djif (8, 1) + O(r),
L . (10)
ri > ayry + 20595(0, 1) > ciuthu(0, mhri + ayrs > c; (0, ).

1 1

¢
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We observe that for each pu(t), ||¢(0, 1)|| can be done small enough uniformly in 6, just taking
p near enough p(t). This fact implies the map above can be viewed as a perturbation of

0; — 05 + ¢;(1),

ry = Qa;ry,

(11)

for which we have that the map p — (ay,...,an, @1, ..., ¢n) is a submersion as well as |a;| # 1
for each p(t) small. Since the form of the r;’s part of the map we can apply the diffeomorphism’s
version of the quasi-periodic stability theorem [BHS, Theor. 2.3, pag. 46] in order to get the
conclusion of the item it). We remark that finite differentiability version of this theorem implies
the loose of differentiability for the invariant torus, see [BHTS, pag. 79], that is why we choose
k' large enough.

3 Normal Forms

In this section we recall normal forms for mappings f which have a fixed point p with all of
eigenvalues of D f(p) belongs to the unit circle. So, consider f,.U — R", a family of C°-
diffeomorphisms defined on an open set U C R™ with the parameter g varying in the open set
V C R%. Suppose that p =0 € U and f,(0) = 0 for all p. The Taylor expansion of f, around 0
is given by

fulx) = A(w)x + fi, + £ + O(Ix[*),
with A(p) = Df,(0) and where fﬁ, fﬁ are mappings whose components are homogeneous poly-
nomials of degree 2 and 3 respectively.

Assume that A(u) has n complex eigenvalues

{211, ooy Aas (1)) = (M), oy As(2),  Ar(pe), ooy As(p)) },

which for g = p belong to the unit circle. After a basis change, we have that A(u) at pg is in
its real Jordan normal form, i.e. if A\;(p) = a;(p) + i3;(p), then

ai(p) 0 -+ 0 —Bi(p) O .- 0

0 0 - as@) 0 0 - —B;(#)
Ap) =

(p) 0 -~ 0 ai(p) 0 - 0

0 0 - m(ﬁ) 0 0 - as@)

In order to work the normal form, we introduce the following change of coordinates Pz = x
with z = (21, ..., 225), where
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I | I

1 S S

P= 5 -

'_ZIS i ZIS
with I the identity matrix of size s.

Now we assume that x,z have complex coordinates. We remark that when x is restricted to
get real values we have that zs4; = Z;. In these new coordinates f,, is written as

Fu(z) = Jx+ fa(z) + f3(2) + O(lz[*),

where J is a diagonal matrix with diagonal given by (A1(n), ..., A2s(1t)). Here, fﬁ(z), fﬁ(z) are
again mappings whose coordinates are polynomials of degree 2 and 3 respectively.

We assume now, nonresonance conditions of order 2 for the eigenvalues A;(pu), i.e. Aj(u) #
Aiy ()™ Ay ()™2, with m1 + mg = 2. So with a change of variables we get that, in these new
variables f2(z) = 0.

With regard to order 3 terms, we observe that the following terms z;|z|? which appears in
the j- component cannot be eliminated never, since they are resonant ( A; = M\ = Aj|A]?).
The others one, do can be eliminated assuming nonresonant conditions on it, i.e. Aj(g) #
Ay (u)ml/\iz(u)mz/\is(u)mz where i3 # i3+ if 41 = j,m1 = mg = mg = 1 with j,i1,42,i3 =1, ..., 8
and m1 + mg + m3 = 3.

So with these assumptions, the j component of the map f,, can be written as

Fui(z) = M)z + D vuzslal + O(lz]*) (12)
1

Also remember, that normal form theory says to us that f,;(z) = fuys(2z) for j =1,...,s

To find the normal form for f,, which we are going to use, we introduce polar coordinates
en each coordinate z;. So let 6;,7; be such that z; = rjexpif;. If @ = (61,...,0;), r = (r1,...,75)
and f,;(0,r) = R;expi®; and f;44(0,r) = Rjexp—i@; for j = 1,...,s. Then ©;, R, have
the following expression

R;(0,1) =|\;(p)|r5( 1+Z§R rl )+ O(Ir}?), (13)

©;(6,r) =0; + ¢;(n Z i +0(P), (14)
where A;j(p) = |[A\j(p)|expig;(p) and j =1,...s.
Summing up, we get the following proposition

THEOREM 3.1

Let fy, : U — R™ be a family of C™ diffeomorphisms. Suppose that this family satisfy the following
conditions:
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1. fu(0)=0;

2. Df,(0) has n comples eigenvaues Ay (), s hs(t2), Aosa (1) = 3CA)s - Aas(s) = Dalp)
such that (Aj(p)| =1 for p = py;

3. The eigenvalues A\j accomplish the nonresonant conditions:

(a’} )‘](y’) # ’\’il (p’)ml’\h(y’)nw with m1 + mz = 2 and Jymi,me = 1,...,2s;

(b) Aj() # Ay ()™ Ay (1) ™2 Aig (1) ™2 where i3 # d2+5 ifi1 = j and my =ma =m3 =1
with §,41,19,i3 = 1,...,28 and m1 + mg +m3 = 3.

Then there ezists new coordinates (0,r), which depend in a smooth way of p such that

fﬂ(e’r) = g“(a, r) + O(lrls)a

with g,,(0,r) = (O, R) with the following form

R;(0,1) =|X; ()i (1+ ) cu(p)r) (15)
1

©;(0,1) =8; + ¢ (k) + > _ dju(u)r} (16)
1

with ¢ (), d;i(p) smooth functions of p whick are defined as follows:

calw) = R(ES)

i) = S(5705),

where the ;1 are gwen as in 12 and, in turn, these are defined by terms which are built up with
terms up to order three of the mapping f,, in the initial coordinates.

(17)

As an immediate corollary we get the following theorem which is a extension of the Hopf’s
bifurcation theorem to multiparameter families.

THEOREM 3.2
Let fu : U — R™ be a family of C*°-diffeomorphisms. Suppose that f,, satisfies:

L fﬂ'(o) =0 ;

2. Df,(0) has n complex eigenvalues Ay(pa), ..., As(1), Asr1(pt) = Ar(p), ..., Azs(t) = As(pt)
such that |A;(p)| = 1 for p = py;

8. A (1) # Aiy ()™ Ay ()™ Xiy ()™ where i3 # g+ s if iy = jandm; = mg = m3 =1
with j, 11,192,713 =1, ...,28 and m1 + ma + m3g = 3;

4. the map p— (JA1 ()]s ..., | As(1e)]) is @ submersion.



Floquet Torus for Perturbations of Product of Quadratic Maps 9

As well as we assume that the derivatives up to third order of f,, accomplish generic conditions,
then

1. for each k > 1, there exists an open set Uy, in the space the parameters, such that pg € Uy,
and for all p € Uy f,. ezhibits a C* invariant torus of dimension [n/2] either normally
attracting or repelling.

2. Assuming that \;(pn) = |\;(u)|expig;(p) and that p— ($1(pe), ..., d1(1e)) is a submer-
sion, then inside U there exists another set Tj such that the invariant torus obtained for
parameters there in is of Floquet type. This set has positive Lebesque measure and pug € T

4 The quadratic family hp)(z1,...,2,) = (a — T2,T1, .0 Tpy)

In this section we want to use the results of the last section in order to show the existence of

invariant tori of Floquet type for the family h(, 1) when the parameters (a, b) are near enough to
(3/4,0). First of all, we are going to recall how evolves the dynamics of h(, 1, at the fixed points.

4.1 Fixed points

To begin with, we observe that its fixed points are given by the equations

n—1
a+ (Z bj)il)l — :vfl =z1, and 1 =23,..,Ty-1 = Tp, (18)
I=1
~(1=-72 1 b))+ (-7 b;)2+4 _ynolp 2
so ¥ =z = (=375 5) \/( i ) % Fora > _0=25s, ) there exist two fixed
n n,(a,b) 2 4
points
_ _ (ot + _ — (o -
P=Pgp = (xl,(a,b)’ ...,xn,(a,b)) and Q= Qgp) = (:clv(a,b), ""xn,(a,b))' (19)
(I—Z“;lb')z —_ n—
When @ = ———=4L 2 P = Q= (—(1— 3721 6;)/2, ., —(1 — 721 b;)/2).

4.2 Eigenvalues at P

The characteristic polynomial of Dh(, ) is given by

n—1

p(a,b)(/\) = \" - Z bj/\n_j + 2x,,. (20)
j=1

We want to study this family for the parameters (a,0). So let hq = h(q0). From 20 we get that
Dhyg has eigenvalues given by A\ = —2z,. For P if a € [-1/4,3/4) then | — 2ax}} | < 1s0 P is
an attractor. At a = 3/4, Dh,(P) has n eigenvalues which are solutions of A = —1. After this

value, that is for a € (3/4,00), P became a repeller fixed point.
4
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For (a,b) = (3/4,0) at the point P, Dh, has the eigenvalues A = expim(2k + 1)/n, for
k=0,...n—1. When n is odd —1 is included in that set.

For s = [n/2], let {\1(a,b), Ai(a,b), ..., As(a, b), As(a,b)} and

{A1(a,b), Mi(a,b),..., As(a, b), As(a, b), As+1(a, b)} be the eigenvalues of Dh(,p)(P) for n even
and odd respectively. We choose the index in such a way that As;11(a,b) € R. It is easily seen that
vy = (A", A"=2 .. ), 1) is an eigenvector associated to the eigenvalue A. Also the eigenvalues
of Dhy;4(P) are simple so it is diagonalizable. Since the set formed by the eigenvectors is a base
of the space over C, then the the set formed by Revy,,Imuvy,; for all ¢ it is also a base of the
space. Put A\;(a,b) = |Ai(a,b)|expifi(a,b). Observe that when n is odd then 51(a,b) = 0.
The following proposition is proved in [M]. ‘

LEMMA 4.1 Let fi(a,b) = |Ai(a,b)| fori=1,..,s ori=1,...,8,s + 1 depending on the parity
of n. Then the vectors {V f;(3/4,0),V8;(3/4,0)};_,
({Vfi(3/4,0),V0;(3/4,0)};_; U{V fs+1(3/4,0)}) are linearly independent.

=1

4.3 Preliminary Normal Form

Now we are going to bring h(, g) into the form 12 around the point P and for (a, b) near enough
to (3/4,0), so we can apply theorem to this family. Firstly, let us move P to zero. So let
l(a,b)(n) =7 + P then, using 18, h(a,b) = l(_a}b) 0 h(a,b) 0 l(a,b) is given by

n—1

hiapy(n) =(a—Pr+ Y _bi(n; + Pj) = (M + Pa)%, 11, oory i)
= (21)

n-—1
=(> " binj — 02 — 200 P, M1, oy 1) = Hn + (—12,0, ..., 0)
=1

We observe that Dh,,)(0) is diagonalizable for the parameters under consideration. Let S be
the matrix which brings Dh, )0y into diagonal form. It is easily seen that

D D D ki o
L T e T 22)
VUSRS VRN VERPUUR VIR W
1 1 1 T 1 1

where A1, M, ..., As; As and A1, A1, ..., As, Ag, Ay, are the eigenvalues of Dhyqg 1) accordingly whether
n is even or odd and where s = [n/2]. Here, when n is even it must be understood that the last
column of § is missing.

Assume from now on that n is even. Consider A\; = a; + i3; and )\;? = a;? + i,B;?, then if we
take the following base
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a;z—l Otg’_l . 11.—1 . ?—1
sy Ty ’ ) : ) 3 : ) (23)
1 Qs -6 _ﬁs
1 1 0 0
H has the real Jordan canonical form Hgr when written in this base. Let
a?—l coo ol _g{l—l s =gl
S]R — . : , (24)
Q) T Qs - T —Bs
1 1 0 0
then Hg = Sﬂgl o H o Sg. Now put Sgry = 717 50 h(,p) in this new coordinates is written as
1
2 o-1 0
hia,b)(¥) = Hry — (SRY)7n Sg | .
’ (25)
1
2q-1Y
= Hpy — (y1 +---+ys)" Sg
0

In order to get a normal form we make the variables y; complex. Let us introduce the following
coordinates Pz =y con z = (21, ..., 225), as in section 3. In this new coordinates we get that

h(a,b) (Z) = (/\12:1; ey /\szSaxlzs+1a “-1st25)—

(21+Zs+1+“__+_zs+z2s (26)

2p-1g-1

We need to compute

(B1, s By Bst1, - Bas) = PTISE (] . [)-
0
In order to do that, we observe that Sg o P = S. Let pp(A) = (A — A)g(A). In [M], it was
computed that B; = 1/¢;();) and at (3/4,0), B;(3/4,0) = M%r fori=1,..,s.

¢
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4.4 Existence of invariant Torus:

In this section we want to apply Theorem 3.2 in order to get the existence of invariant torus as
stated in Theorem 1.1. For doing that we will use the preliminary normal form computed in the las
subsection and the formula developed in the appendix to compute the coefficients of the resonant
cubic terms. We observe that the eigenvalues A; of Dhq,1,)(P) satisfies non resonant conditions of
order two for all (a, b) near (3/4,0), but it does not happen the same with nonresonant conditions
of order three different from those as A\; = )\i/\jxj.

We are going to consider two cases:

- Case 1) n is even.
We are goihg to proof the following proposition
THEOREM 4.1

There ezists a surface S in the parameter space with (3/4,0) € S such that in a small neighborhood
B C S of (3/4,0) there ezists a dense set T C B with (3/4,0) € T satisfying the following: for
each parameter (3/4,0) € T the map h(q0) satisfies the conditions of the Theorem 3.2.

From this the proof of Theorem 1.1 follows immediately.

PROOF [Proof of Proposition 4.1 |
We know by the last subsection that

h(a,b) (Z) = (/\1Z1, very Aszs,xlzﬁ_l, "-1X8z23)

By
Bs
_ (Zl +Zzs+1 bt Zs ‘;ZZS )2 és (27)
Bs+1
B2s

with B; = Biys for alli=1,...,s. Now putting Z = (z1,-..,25s) and Z = (zs41, ey Z25) We get
that

h(arb)(Z’ 7) =(h(1(1,b)(Z’ 7)’ h%a,b)(zi Z)) eeey
‘(Sa,b)(Z’ 7)’ h‘(sj,[l,)(z’ 7): LAl h%:,b)(Z7 7))a

with

hz(‘a,b)(Za Z) = Mz — Bi(Z, 7)M(

NI N
~—

4
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where M = %( 2 ﬁ: ) and I is the identity matriz of size s. We remark that hZa,b) = hé;f))
foralli=1,..,s.
We let S = {(a,b) : |A\i{a,b)| = --+ = |Xs(a,b)| = 1}, by lemma 4.1 we get that S is a

codimension s surface in a neighborhood of (a,b). Now let T the set inside S where the \; satisfy
nonresonant conditions of order three ( ezcept the non evitable resonant terms) and four.

So we can write, after a change of coordinates, which we follow calling Z, Z,

o) (Z,Z) = M)z + Y vijzilz] + O([zl). ‘ (28)
1

%ij
Ai

But these coefficients depend continuously on the parameters (a,b), so it is enough to check
the inequality when (a,b) = (3/4,0).

Lemma 5.2 permits us to compute v;;. What we want to check then is that ¢;; = () < 0.

1 1
For this value of the parameter we have that B; = ——— = ——A; = ———, and so, by lemma
n)\i n nA;
5.2,

By, Fk By —Bk
.. =—B; — =+ + =
“i : ;( )\k - )‘i)‘j )‘k - )\i)‘j /\k - AiAj )\k — )‘i)\j)

BiBl)\j n Bilej )
i = MDA = Adg) (A= X)) (i = k)

— 4)(

BiBs); B;B);

— 4X( = + =
(M = A2 (s = M) (Ae = XA (A — Aghy)

)

Biﬁs)\j N BiFsz

()\i - )\s)‘j)()‘s - )\i/\j) (AS - /\i)‘j)()\i
Bi) Bi); )

(M= A1) (N = Ayg)

— A ) (29)

= X))

+ By(

Bi);

+B
S((,\i —AN) (= Aky)

B;)j B, )
i = XsXg) (M= 2eXy)

+ B(
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Introducing the value of B; above, we get

2Gij _ _ Ak Ak Ak Ak
" /\1; E;(/\k—/\,-xj +Xk—X,-/\j + /\k_/\i/\j +Xk—A,-/\j) (1)
(A = A2 (A = Md;) (A= Adg) (A — Ary)
2y . 25 . '
_ 4 A5 _ A5 ) @)
(/\i - /\s/\j)(/\s - /\i)‘j) (’\s - /\i/\j)(/\i - >\s/\j)
XA XN
—4( — =+ = =)
/\1/\j /\1Xj )
+ —
((/\,' - A1) (M- /\1/\3-))
AsAj Ashj
+ ( ! ! b 3).
(M = AsX;) (N~ /\s’\j)) ©
As A AsAj
+ = + i
o ey

Now we collect together the terms of the above expression as follows: from each group (1),(2)
or (3) in the above equation we select one term so the above equation become a sum of terms of
the following form

T Ak _ 4 4/\%/\3' I AkAj
M= Ad (= Ak = Ady) (i = Akdy) (30)
. 2 4
(1- /\inXk) (1- /\inXk)z’
which by lemma 5.1 each one has positive real part. In particular when i = j we get that
R(cii) < 0 and so we are in the conditions of Theorem 3.2, thus we are done in this case. o
- Case 1) n is odd: In this case consider the surface S = {(a,b) : |Ai(a,b)| = --- = |X\s(a,b)| =

|As+1 = 1}|, as in the above case this is a codimension one surface in a neighborhood of (3/4,0) €
S. This surface is foliated by the surfaces {As11 = ¢} with ¢ near enough to —1. We are going
to get the theorem applying Theorem 3.2 to the maps h(, ) restricted to the central manifold
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associated to the eigenvalues A; with ¢ = 1,2,...,2s. In order to do that we need to write first
h(a,p) as follows

1
2 c-1]0
hiap)(¥) = Hry — (SrY)7 Sg~ | .
’ (31)
1
26-1 0
= Hry — (y1+ -+ ys +yn)° Sg
0
where Hp is the real canonical Jordan form of H as in section 4.3 and Sgy = 7 with
a;”_l e a?_l {"_1 . — ;"_1 1
Sg=| ° : : : : (32)
o o aw =B —f -1
1 1 0 0 1

Now letting the coordinates yi,...¥s, Ys+1, - . - Y2s be complex coordinates and putting as in
section 3,
(Zl,...,Zs,Zs+1,...,Z23) = P(yl,.. .,ys,ys+1,...,y23)

and z, = y, we get that in this new coordinates z = (21, ..., 25, Zs41, - - -, 225, Zn)

h(a,b)(z) = (/\1Z1, ceny /\szs,Xlst, ...,stzs, /\nzn)

B (Z1+Zs+1 by + 226 B, (33)

5 5 + zn)2

with B; = By s foralli=1,...,s
Once done this, we compute h, ) restricted to the central manifold C associated to the

eigenvalues
ALy ooy Agy Ast1y oony A2s

. In order to do that we start putting the central manifold as the graph of

Z Z) ZQ-LJZ-LZJ + Zﬂzjzzzg + Z'Yz]zzzja

where Z = (21,...,2) and Z = (2441, .., 224)-
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LEMMA 4.2 For ¢ as above we have

4y — i)
B
Bij = =
2(Mn — MiAj)
17. . — Bn
720 — Aihg)
PROOF .
These formulas follow solving the equation h(a,b)(Z,Z,qb(Z,Z) = (W, W, (W, W)) for the
coefficients o ;,5;; and ;. o

In order to apply Theorem 3.2 we need to compute the quadratic and cubic terms of h(gp)|C.
Observe that (h(,b)|C)i, the i — th component of h(, by, is written as :

2
(h(a)|C)i(2,Z) = Xizi + (}: % +9(2, 7)) B;. (34)

From here we get

2
VA + 2
(h(a,b)lc)i(Z, Z) =Xz + (_S_ zl%) B;

23 (2542 6(2,2)8: + ho

2
vzt (}: ZW%) B,

+Y " Buzaz.Bi + > (eur+ oui)zizz + hot.

(35)

As in the above case, we only need to check that certain coefficients are negative. The
quadratic part produces coefficients that are treated as when 7 is even. Indeed we will be worried
about just the terms

> Buzaz . Bi+ Y (i + i)z, (36)
So we need to check that
_ buBi (i1 + ou3)B;

x* =R y + R v
B, B; 1 1 B, B;

=R = +R + .

2Om = Ao (An ES WV /\Mz> 7o (87)

B, B; 1 Bn.B;

S S o <0

20\ — MM A — AN 2)

¢
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-1
Since for (a,b) = (3/4,0) we get B; = =~ and as A\, =~ —1 we have that
A

-B, 1 B & 1
2n )‘n -1 2n /\n — /\i)\l
_—-B, 1 B &,\n + cos(f; + 6;)
C2n A =1 2n |, — eilOiF6)2
—Bn 1 /\n + COS(Gi + 9[)
2n (An -1 + [An — ei(0i+91)l2 <0,

(38)

if (a, b) ~ (a,0). That is what we wanted to proof.

5 Appendix

In this appendix we present two technical result. The first one treats about the positiveness of
the real part of certain expression of complex numbers. The second one treats about the formula
to compute third order resonant terms.

LEMMA 5.1 Consider an ezpression of the form

_ 2 4
71— elotbie)i [ — elotbren]2’

z
with a,b,c € R. Then R(z) > 0.

PrROOF A little bit of algebra show us that

_A[|1 - e(a+44)2 | 4cos(a + b+ )] sin?((a + b + ¢) /2)

R(z) 1= eletbtoi[d (39)
_ 8[1+cos(a+b+c)|sin®*((a+b+c)/2) >0
- ll _ e(a+b+c)i|4 =

o

As for the second result we consider a map

MZ,Z) = (E,E)
where (Z,Z) = (21, ..., 25,21, -+, 2s5), B = (e1,...,e5) and E = (€1, ..., &).

We suppose that the map e; has the following form:

)

NI N

ei(Z,Z) = Mz — Bi(Z, 7)M(
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I, | I,
I, | I,
X, A; satisfy nonresonant conditions of order two and three as in Proposition 3.1. Then it can be
eliminated with a change of variables the quadratic terms and the nonresonant cubic terms. The
next lemma give us a formula to compute the resonant cubic terms.

where M = %( ) and I; is the identity matrix of size s. As well as suppose that

LEMMA 5.2 in the above conditions , there ewists a change of coordinates ®(Z,Z) such that if
H(Z,Z) = (c1, ..., Cs,C1, ---, Cs) 15 the exzpression in this new coordinates of h, then

ci = Mz + Zp;-zi|zj|2 + h.o.t.

with
. Bk: F}c Bk: Ek
“pt=—B; = + = = + + =
P; ' ;(x\k - /\,;/\j )‘k — /\i/\j /\k: - /\i/\j )‘k: — /\i/\j)
B.:B1 ). B
_ 4/\1( 1D1Aj _ 4 B'I.Bl/\j _ )
(A = AtA) (A = Ady) (A= Ay (A — M)
Y BB, BB )
(i = AsAj)(As = Aadj)  (As = Xadj)(Ai — Ashy)
— 4 ( BBy BB ) (40)
(A = AsAi)(As = Aidj)  (As = Aadg)(Ai — Ashy)
B;\; B
+ B ¥J 4 ke
1(()\1' A1) (- /\1/\3‘))
B, B
+ B I+ I
S((/\'L - /\s)\]) (/\-L t /\s)\j))
B.( Bi\j Bi); )
s -
(A = AsA;) (M= Ashg)
PROOF

We want to do a change of coordinates which kill all quadratic terms. This change of coords-
nates has the following form:

®(2,Z)=(V1(2,2),...Y,(2,Z),%1(2,Z),..,.2),Ys(Z, Z),

~—

conV;(Z,Z) = z+(2, 7)Ni( % ) with N* = (n}q) a matriz of size 2s. From the above equation

we conclude that

oW, W) = (LW, W), ..., LY (W, W), T, (W, W), ... W), T, (W, W),

4
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with ¥ YW, W) = w; — (W, W)N"( % ) + h.ot

let H(Z,Z) be the ma;tz_@_l o hiq)(Z,i), and put (U, 9) = (¥1,..., ¥, ¥y,...,T,) , ho
®(Z,Z) = (dq, ..., ds,d1, ..., ds) = (D, D) and H(Z,Z) = (c1, ..., Cs, C1, ..., Cs), then

di = i~ Bi(¥, )M ( 3 )

Y (a1)
¢ =d; — (D,E)Ni( g ) h.o.t.
From h‘ere we get that
¢ =My — B,-(\I/,W)M( % ) . (A\I/,X\IT)Ni( ﬁ_g )+
(A\I/,W)Ni( g ﬁ_g ) (\I/,\I/)M( _g- )— (42)

So we can conclude that:

1. lineal terms of ¢;: i z; .

2. Quadratic terms of ¢;:

¢ = M2, 2N % ) - B2, Z)M( % ) -z Z2)N( 52

3. Cubic terms of ¢;:

i =282, 2M( 2y ) —20097, ATV (AL ).
wzxz)v (2 )z om( 4 )+
BBIN'( 22 )2 2Mm( Z)
( ; ) - 2092 AT )N (A2 )+
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We get, from the vanishing condition on the quadratic terms c?, that the matriz N* has the

following form:

ni = —Bi

TN = M)y
i B;
B;

ni . —
s+ks+j — N N
T N = M

where j, k = 1,-..., s.

Ezpanding the formula for ¢}, we get

B; — _

== (Wt A AT+ 4 )
i

~&Zz-(w2+-~+\lﬂ+ﬁz+--~+ﬁ)

2 ; J 1 s 1 ]

— 202 “ndiAz
J

—n Y nd, N7
J

- 2/\3\1/3 Z n’ésjAjzj
J

=209 ) b oy N
J

; 21+7Z 29+ 7Z z2s+7Z
+2312n11j)\jzj( 12 1—{— 22 2+...+%)2
J

21+21 | 2+ 72 s+ Zs

+2B1 Y md o N (T T e
j

21+ 72 29+ Zg 2s+7Zs

+ 2B, Zn’ésj)\jzj( 3 + 5 +- T)Q

J

211+21 29+ Zo 25+ Zg

+2B, Y nby s A7 ( BRI ek e
i

(44)

Let p} the term of ¢3 which match the monomial z;2;Z;. Then we get from the last equation
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Py = —BTp@nf; + 205 20+ 200 )
-4\ (nllj’\jnlls+j +nj s+j)‘jnij) (45)

—4)(nt )\nw+]+nssﬂx ii)

4’\3(n233 ’\Jn] s+1 + n23 s+j

in +1s+J)
+B; (nlj’\J +n1 s+j )

A,
by

+B(n/\+n A5)

$5+7

+—B—s (nésj)‘j + nés s+ij)

and using the formula for the matriz N* we get

i _R. By _ By
p; B; Ek(,\k—,\,ij + Me—Aih; + )\k ;T Ae— ,\ A )
_4/\1( BgBlz\L B,’Bl)\] )

Ci=AA) 1 —Ai;) | (Ar=XAj)(—A1hy)

A BiBs\j BiBs};
SL =) s =225) T e~Nx)(hi—Aady)

- BB\, BB
_4“((&-—? »)(L%A Y (L—AM;-)(AJ—XJJ-))

B\
‘*‘Bl(,\ ,\1,\ +—J—(,\i_,\1xj))

(46)

B)\

+BS(K 5+(,\ ,\s,\))

that is what we want to show. o
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