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Abstract

In this paper we find a formula for the solutions of the following linear equation

Ar=0b, xe€R™, belR", m>n,

)

where A = (a;i)nxm 1S & n X m real matrix. We prove the following statement: For all
b € IR" the system is solvable if, and only if, the set of vectors {l1,ls,...,l,} formed by the
rows of the matrix A is lineally independent in IR™. Moreover, one solution for this equation
is given by the following formula

)2+ awbr <li,la > +agiby -+ <li,ly > +anb
<l9,l1 > +ay;bs ||l2||2 Fasgiby - <la by, > Faniba
<lp,l1 > 4ayb, <l,,lo > +asb, --- ||ln||2 + anibn .
Ty = _1,
112 <l lag> - <yl >
<l,li> i o <bln >
<lp, b1 > <lp,lg> - 11212

i =1,2,3,...,m. Finally, we apply these reults to find a solutions of the following general
linear differential equation

Bi(t) = Az(t) + f(t), t€ R xe€R™,

where f € L}, (IR;IR") and Bisan xm

key words. linear equation, Cramer’s rule, linear differential equation.

Resumen

En este articulo se encuentra una formula para las soluciones de la siguiente ecuacion lineal

Ar=0b, xe€R™, belR", m>n,

)

donde A = (a;,i)nxm €s una matriz real n x m. Probaremos el siguiente resultado: Para todo
b € IR" el sistema soluble si, y sdlo si, el conjunto de vectores {l1,ls,...,l,} formado por las
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filas de la matriz A es linealmente independiente en IR™. M&s aun, una solucién para esta
ecuacion viene dada por la siguiente férmula

[01]12 + aribr < 11,12 > 4azibs <1, ln > +anibs
<la,l1 > +ai;bs [12]|? + azibz <l2,lp > +anibe
<lnyly > +ariby <lp,lz > +aziby 1 1? + @niby 1
€Ty = )
||11||2 <ll7lg > <ll,ln >
<lg,l1 > 2] <la,lp >
<lnyli > <lnly > 12112
i =1,2,3,...,m. Finalmente, se aplica estos resultados para hallar soluciones de la siguiente
ecuacion diferencial lineal general
Bi(t) = Az(t) + f(t), t€ R xe€R™,

donde f € L}

loc

(R;IR") y B esun n x m.

Palabras claves: Ecuacion lineal, formula de Cramer, ecuacion diferencial lineal.

AMS(MOS) subject classifications. primary: 15A09; secondary: 15A04.

1 Introduction

In this paper we find a formula for the solutions of the following linear equation

Ax=0b, ze€R™, belR",

m > n,

or

a1,1T1 + a12T2 + - -
2,171 + ag2xs + - - -

n,1%1 + Qp2x2 + - -

Al mTm = by
+ a2 mTm = b2

+ Qnp mTm = bn

Now, if we define the column vectors

ai1 az,1 Qn,1
1,2 a2 Qn,2

ll - . s l2 = . ytrt ) ln = . )
a1,m a2.m Qn,m

then the system (2) also can be written as follows:

<lj,x>=b;, i=12,...
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where < -, > denotes the innerproduct in IR™ and A is n x m real matrix. Usually, one can
apply Gauss Elimination Method to find some solutions of this system, this method is a systematic

procedure for solving systems like (1); it is based on the idea of reducing the augmented matrix

a1 ai2 o Aim by
a1 Q22 -+ Ao, b2

: . : I (4)
Gp1 Ap,2 - Opm bn

to the form that is simple enough such that the system of equations can be solved by inspec-
tion. But, to my knowledge, in general there is not formula for the solutions of (1) in terms of

determinants if m # n.

When m = n and det(A) # 0 the system (1) admits only one solution given by x = A~1b,

and from here one can deduce the well known Cramer Rule which says:

Theorem 1.1 (Cramer Rule 1704-1752) If A is n x n matriz with det(A) # 0, then the solution
of the system (1) is given by the formula:

_ det((A);)

T T 7 7 AN .:1727 gyl
x Jet(A) ) 3 n (5)

where (A); is the matriz obtained by replacing the entries in the ith column of A by the entries

in the matrix

A simple and interested generalization of Cramer Rule was done by Prof. Dr. Sylvan Burgstahler
([2]) from University of Minnesota, Duluth, where he taught for 20 years. This result is given by

the following Theorem:

Theorem 1.2 (Burgstahler 1983) If the system of equations

1,171 + a12%2 + - + a1 ,Ty = by
a2,1%1 + a22%2 + -+ + a2 pTy = b

Ap1T1 + Ap 2T + -+ + ApnTp = by,
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has(unique) solution x1,xa,..., %y, then for all \; € IR,i =1,2,...,n one has
a1+ Abr arg+ bt o ar, + Anbr
az1+ A1by a2+ Aoby - - azn + Anbo
an1+ Mbn apn2+Xby, - apn+ b
)\11’1 + /\2112 TR /\nl'n _ n,1 19n n,2 2Un n,n nn | 1 (7)
ail a2 o Aip
az1 Q22 -+ QG2n
Gn,1 Gp2 -~ Gpn
In this work we prove the following Theorems:
Theorem 1.3 For all b € IR" the system(1) is solvable if, and only if,
det(AA*) # 0. (8)
Moreover, one solution for this equation is given by the following formula
= A*(AA*) b, (9)

where A* is the transpose of A ( or the conjugate transpose of A in the complex case).

Also, this solution coincides with the Cramer formula when n = m. In fact, this formula are

given as follows:

n

det((AA");) .
Z i et AL i=1,2,3,...,m, (10)

where (AA*); is the matriz obtained by replacing the entries in the jth column of AA* by the
entries in the matrix

In addition, this solution has minimum norm. i.e.,

ol = mf{leo] s Aw =b, we R™}, (11)

and ||z|| = [|w| with Aw=0b <= = =w.
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Theorem 1.4 The solution of (1)- (3) given by (9) can be written as follows:
[]]? 4+ aby < li,la > +agiby <1l > +anib
<lo,l1 > +ay;bo ”l2”2 + a9;by <ol > +ap;bo
<lp,ly > +a1iby, < ly,la > +agby, 0] + @nibn ,
T; = 3 —-1,:=1,2,3,...,m.
I111]] <l la> - <li,l,>
<lg,ly > |L)? 0 <loyly >
<lp, by > <lp,ly > 10|12
(12)

Theorem 1.5 The system (1) is solvable for each b € IR™ if, and only if, the set of vectors

{l1,1o,...

,Un} formed by the rows of the matriz A is lineally independent in IR™.

Moreover, a solution for the system (1) is given by the following formula:

V15 V2;
T, = b1 + <b2 —
' [[on]? [[va[2
Uni i g
ot s b= Y

where the set of vectors {v1,va, ..

[[oi?

761)
ci>, i=1,2,...,m,

., Un} 1s obtain by the Gram-Schmidt process and the numbers

ln,Ui >

C1,Co,...,Cp are given by
clT = bl
< lg,’Ul >
Cy = bg — 7261
]|
cs — by <l3,v1 > <l3,v9 >C2
[[or]|? [[vz]]?
-1
B b Z < ln,UZ >
n n T
Z o
and v; = [Vi1, Vi2, Vi3, .., Vi T, i=1,2,...,n.

Finally, we apply these results to

equation
Bi(t) = Az(t) + f(t),

where f € L}, (IR; IR") and B is a n x m.

te R xeR",

(13)

(14)

(15)

find a solutions of the following generalized linear differential

(16)
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2 Proof of the Main Theorems

In this section we shall prove Theorems 1.3, 1.4, 1.5 and more. To this end, we shall denote by
< x,y > the Buclidian innerproduct in IR¥ and the associated norm by | z|| = /< =,z >. Also,

we shall use some ideas from [3] and the following result from [1], pp 55.

Lemma 2.1 Let W and Z be Hilbert space, G € L(W,Z) and G* € L(Z,W) the adjoint opera-

tor, then the following statements holds,

(i) Rang(G) =Z <= 3v >0 such that

1G*2llw = l2llz, 2z €2

(i) Rang(G) = Z <= Ker(G*) ={0} < G* is 1—1.

Proof of Theorem 1.3. The matrix A may also viewed as a linear operator A : IR"™ — IR";

therefore A € L(IR™,IR") and its adjoint operator A* is the transpose of A and A* : R" — IR™.

Then, system (1) is solvable for all b € IR™ if, and only if, the operator A is surjective. Hence,
from the Lemma 2.1 there exists v > 0 such that

1A% 2] g = |2l s = € R,
Therefore,
< AA z, 2 >> 72Hz||§Rn, z € IR".
This implies that AA* is one to one. Since AA* is a n X n matrix, then det(AA*) # 0.

Suppose now that det(AA*) # 0. Then (AA*)~! exists and given b € IR"™ we can see that
r = A*(AA*)71b is a solution of Az = b.

Now, since z = (AA*)~!b is the only solution of the equation
(AA"Yw = b,

then from Theorem 1.1 (Cramer Rule) we obtain That:

Cdet((AA)) | det((AA%)y)  det((AA%).)
T Tqet(AAY) T Tdet(AAY) T Tdet(AAY)
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where (AA*); is the matrix obtained by replacing the entries in the ith column of AA* by the

entries in the matrix
by
ba
bn
Then, the solution z = A*(AA*)~!b of (1) can be written as follows
M det((4A*)1) 7 r S a; det((A4*);) T
a1 a1 - Gpa det(AAx) 3=1"3:1"det(AAx)
a1s  Gne - ay det((44°)3) g, detlaan))
- L2 022 m,2 det(AAx) _ 3=1"32"det(AA")
Alm  A2m - Gnm det((AA*)n) n . det((AA*)j)
| “detan) | L 2= % et

Now, we shall see that this solution has minimum norm. In fact, consider w in IR™ such that
Aw = b and

HwH2 = ||z + (w — m)”2 = HxH2 +2Re < z,w—x > +]jw — m|]2

On the other hand,
<z,w—x >=< AN (AA) b, w — =< (AA*)71b, Aw — Az >=< (AA")"'b,b— b >= 0.

Hence, [lw]* — [lz|* = [lw — =[* > 0.
Therefore, ||z|| < ||w||, and [|z| = |w| iff z =w.

Proof of Theorem 1.4. From Theorem 1.3 this solution is given by

T = 1,421 + a2 ;22 +--+ Qp 5 2n, 1= 17 27 -ee, M,

where
_ det((4A%);)

= =1,2,...
Z] del(AA*) ’ J )&y y 1y

is the only solution of the system

AA*z =D,

given by Theorem 1.1(Cramer Rule).
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On the other hand, we have the following expression for AA*

a1 ai2 o Gim a1 a1 v Gpd
a1 G2 -+ A2m ai,2 a2 R 77
AA* — ) ) ) ) ) )
L An,1 @22 - Odnm A1m  G12m  °°  Anm
Hlle <l,lb> - <l,l,>
2
<l2,l1 > HlQH <l2,ln >
2
| <lnyli > <lp,la> -+ 11 ]]

Then, applying Theorem 1.2 we obtain:

T; = G121 tagiza+ Aty =
[11)? + aribr < li,la > 4agiby -+ <li,ly > +anibt
<lo,l1 > +ay;bo HZQH2 + agiby - <ol > Fapbo
B <lp,l1 > +ayby, <l lo > +asb, --- ”ln”2 + apibn 1
a 1a]2 <hde> - <l > '
< lg,ll > ||l2||2 R lg,ln >
< ln7l1 > < ln7l2 > e ||ln||2

This complete the proof of the Theorem.

0
Proof of Theorem 1.5. Suppose the system is solvable for all b € IR". Now, assume the

existence of real numbers ¢;,7 = 1,2, ..., n such that
c1ly + colo +c3ls + - 4 cpl, = 0.

Then, there exists x € IR™ such that
b)
a1,1T1 + a12T2 + -+ + A1mTm = C1
2,121 + a22%2 + -+ + A2 Ty = C2
Qan, 101 + Ap 202 + -+ Up mTm = Cn

In other words,

<lp,z>=¢, 1=12,...,n.

Hence,

<cli,x>=c, i=12,...,n.
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So,
< cily +colo +esls + -+ cplp, x >= c%+c%+c§+---+c% =0.
Therefore, ¢; = co = -+ = ¢, = 0, which prove the independence of {ly,ls,...,1,}.

Now, suppose that the set {l1,ls,...,l,} is linearly independent in IR™. Using the Gram-

Schmidt process we can find a set {vq,vs,...,v,} of orthogonal vectors in IR™ given by the
formula:
v = ll (17)
<ly,v1 >
Vg = lg—i’ul
[[og[?
v I <l3,U1 >U <l3,’U2 >U
3 = 13— 1— 2
[l o212
— "_1<ln,vi> ‘
L Dh R
i=1

Then, system (1) will be equivalent to the following system

<V, >=cC
< V2, T >=Cy
< vV3,T >=C3 (18)

< Up,T >=cy

where
c1 = bl (19)
<lp,v1 >
Cy = bg—icl
[[o1]|?
cs = bg— <3, >01 _ <l3,v9 >Cg
[ [[vz]]?
o >
L D e
i=1

If we denote the vectors v;’s by
Uil
Vi2

V; = Vi3 s i:1,2,...,n,
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and the n x m matrix T by

vl V12t Ulm

U1 V22 U2
T =

Un,1 Un2 - Unm

Then, applying Theorem 1.3 we obtain that, system (18) has solution for all C' € IR™ if, and only
if, det(YTY*) # 0. But,

: a2 0 0 o0
1] <UL > e <UL U > 0 w2 0 -~ 0
—— < UQ,.Ul > ”UQ” < vg,.vn > _
< Up,v1 > < Up,Ug > oo vl : )
[ 0 0 0 [[on]|
So,
det (YY) = [[or]*[lvz ]| - - - [lval® # 0.
From here and using the formula (9) we complete the proof of this Theorem. 0

2.1 Examples and Particular Cases

In this section we shall consider some particular cases and examples to illustrate the results of

this work.

Example 2.1 Consider the following particular case of system (1)

a1,121 + a1222 + - - + a1, ;T = b. (20)
In this case n =1 and A= [a11,a12, -+ ,a1,m]. Then, if we define the column vector
a1
a2
h = . ;

a1,m
a1
ai1,2

AAT = a1l a1 a1,m ) = Hlluz

a1m

Then, (AA*)~'b = b||l1|| 72 and

ay1b)| ]|~

aq.9bl|l1 || 72
r= AY(AA) Tp= | I

a1,mb||l1 ]| 72
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Therefore, a solution of the system (20) is given by:
aub aub .
xr; = = i=1,2,...,m. (21)
CollE e X el B
Example 2.2 Consider the following particular case of system (1)
1,121 +a12T2 + -+ a1 Ty, = by (22>
(2,121 + 2222 + -+ + A2 Ty, = b2
In this case n =2 and
A= | @1 @12T2 ccc o G1m 7
as1 22 A2y
Then, if we define the column vectors
a1 a1
aip a2
= . RS . )
a1,m a2 m
then
a1l a21
AAF — ail Qai12r2 - G1m a2 az2 _ Hl1H2 < ll,lg >
azi G2 e G, : : <lg,ly > llo|?
a1m G12m
Hence, from the formula (36) we obtain that:
g oo |1 s
_A* *\—1p _ , g det(AA*)
= AT(AAT) b = : : det((AA*)s)
det(AA*)
ITm a1m G12m
Therefore, a solution of the system (22) is given by:
- blHlQHz—bQ <ll,lg > bg”l1”2—bl <12,ll >
r1 = ail 2 2 2 21 2 2 2 (23)
[Tl = [ < 1,12 > | [Tl = | < 11,12 > |
. blHlQHz—bQ <ll,lg > bg”l1”2—bl <12,ll >
[Pl = [ < 1,12 > | [Pl = [ < 11,02 > |
= : : : : : : : : (25)
. _— bl”l2”2 — by <ly,ls > s bg”l1”2 by <ol > (26)
" TNl =T < byl > 20 T PRl <yl > ]2
Now, we shall apply the foregoing formula to find the solution of the following system
{ T+ a9 =1 (27)

—T1+ T2+ 23 =—1
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If we define the column vectors

1 —
h={11], L=}1],
0 1

then det(AA*) = |l ||*||l2)|? — | < 11,12 > > = ||1]]?||l2]|? = 6 and x1 = %, )

Example 2.3 Consider the following general case of system (1)

a1,171 + 1222 + - + a1 Ty, = by
(2,121 + a22%2 + -+ + A2 Ty, = b2

Gn, 121 + Up 202 + -+ Qnp mTm = bn

Then, if  {ly,l2,...,l,} is an orthogonal set in IR™, we get

a0 0 o0
0 &f* 0 - 0

AA*

0 0 0 - ul?* ]

and the solution of the system (1) is very simple and given by:

n
zi= Y apbill|7% i=1,2,... m.
j=1

Now, we shall apply the formula (29) to find solution of the following system

—x] —x2+x3+arg=1
—xr1t+x0—23+24=1
T —T9—x3+ax4=1

If we define the column vectors

-1 -1 1
-1 1 -1
1 1 1

(28)

(29)

Then, {ly,ls, L3} is an orthogonal set in IR? and the solution of this system is given by: z; = _Tl,

, xgz_Tlandw4:§

_ -1
(E2—4 g




A Generalization of Cramer’s Rule and Applications to Generalized Linear Differential Equations. 93

3 Variational Method to Obtain Solutions

The Theorems 1.3, 1.4 and 1.5 give a formula for one solution of the system (1) which has
minimum norma. But, it is no the only way allowing to build solutions of this equation. Next,
we shall present a variational method to obtain solutions of (1) as a minimum of a quadratic

functional y: IR" — IR,
1 * n
26 = 1A= <bg>, Ve R (31)
Proposition 3.1 For a given b € IR" the equation (1) has a solution x € IR™ if, and only if,

<z, ATE > —<bE>=0, V&€ R" (32)

It is easy to see that (32) is in fact an optimality condition for the critical points of the quadratic

functional j define above.

Lemma 3.1 Suppose the quadratic functional 3 has a minimizer & € IR"™. Then,
xp = A%, (33)
is a solution of (1).

Proof . First, observe that 7 has the following form
1
j(f):§<AA*§7§>_<b7§>a ngJRn
Then, if & is a point where j achieves its minimum value, we obtain that

d
— = AA*E —b=0.
£ 0)&) =A%~ b0
So, AA*, = b and zp = A*Ep is a solution of (1).
O

Remark 3.1 Under the condition of Theorem 1.3, the solution given by the formulas (33) and (

9) coincide.

Theorem 3.1 The system ( 8) is solvable if, and only if, the quadratic functional j define by (
31) has a minimum for all b € IR"
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Proof . Suppose ( 8) is solvable. Then, the matrix A viewed as an operator from IR to IR" is

surjective. Hence, from Lemma 2.1 there exists v > 0 such that
|AE]? = A2 €l?, € € R
Then,
/72 2 n
26 = LIl ollell, € e B™

Therefore,

e, 9(8) = oo

Consequently, j is coercive and the existence of a minimum is ensured.

The other way of the proof follows as in proposition 3.1.

g
Now, we shall consider an example where Theorems 1.3, 1.4 and 1.5 can not be applied, but

proposition 3.1 does.

Example 3.1 consider the system with linearly independent rows

r1+xo+a3=1
2x1 + 219 + 223 = 2

In this case n = 2 and

1 1 1] [ 1
A—[222_ and b= ]

| 2
Then )
1 2 -
111 3 6
AA*:[ } 1o | = ]
2 2 2 12 | 6 12

Therefore, the critical points of the quadratic functional j given by (31) satisfy the equation

AA*E =D.
i.e.,
361+ 68 =1
61 + 126, =2

So, there are infinitely many critical points given by

52[%_261}, a € IR.

a

Hence, a solution of the system is given by

1
r=A" =11
1

1
Wl
o |
()
IS
—_
|
SNV BN
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4 The Case m <n

The case m < n is undetermined since the equation Az = b has solution only when b € Rang(A).

But, nevertheless we can produce the following Theorems:

Theorem 4.1 Suppose m < n and A : IR™ — IR" is one to one. Then, for all b € Rang(A) the

equation
Ar=0b, ze€R™, belR", m<n, (34)
admits only one solution given by
= (A*A)"1A%. (35)

Moreover, this solution is given by the following formula:

 det((A"A);)

T T 7 A% A 0 :1727 PR RS
x Jet(A°A) 3 m (36)

where (A*A); is the matriz obtained by replacing the entries in the ith column of AA* by the

entries in the matriz .
> j=1a5,1b;

n
D=1 @j,2b;

21 @jmb;

Proof . Since A is one to one, from Lemma 2.1 we have that A* : IR" — IR™ is surjective, and

consequently det(A*A) # 0. Therefore, (A*A)~! exists and
x=(A*A)"1A*D, (37)

is the only solution of (34). In fact, if z € IR™ is the only solution of (34), then A*Az = A*b and
(A*A) P A* Az = (A*A)~LA*b. So, x = (A*A)~LA*b. The remainder of the proof follows in the

same way as in Theorem 1.3 0

Theorem 4.2 [f the set of vectors {l1,la,...,l,} formed by the columns of the matriz A is an

orthogonal set in IR™, then

[ U U
0 L2 ... 0
aa = | 0 TR

0 U
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and the solution x = (A*A)~YA*b of the system (34) takes the following simple form

1 n b
||111H2 ijl aj,1b;
n
12 > j—1@,2b;

) :
TT? 2oj=1 %5,mbj
5 Generalized Linear Equations

Let A and B be n x m matrixes with m > n such that det(AA*) # 0 and the eigenvalues of
BA*(AA*)~! are not zero. Under these conditions we consider the following generalized linear

system of differential equations with implicit derivative
Bi(t) = Az(t) + f(t), t€ R, f¢€ L}.(IR,IR"). (38)

Before study the non homogeneous equation (38) we shall look for the solution of the homogeneous

equation
Bi(t) = Az(t), te€ IR. (39)
We shall look for the solution of (39) in the following form:
x(t) = eMe with N#£0, &=A" (A4, be R, €< R™.
Then, if we putt S = A*(AA*)~! we get the following algebraic equations for A and b:

(ABS —I)b= (ABA(AA*)™' —I)b=0, b#0. (40)

det(\BS — I) = 0. (41)

Lemma 5.1 If a is an eigenvalue of the matriz BS = BA*(AA*)~! with corresponding eigen-
vector b € IR™, then x(t) = eM¢&, with A= o~ and & = Sb, is a solution of (39).

Proof . If z(t) = eM¢, then

Az(t) = AeMe=eMASD
= Mb=eMABSH
= XeMBE = B(\eM¢) = Bi(t).
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Corollary 5.1 If BS possess n linearly independent eigenvectors by, b, ..., b, and )\i be the real
J
eigenvalue that corresponds to bj (The numbers )\%, )\—12, e ﬁ need not all be distinct). Then, for

alle; e IR, j=1,2,...,n

l’(t) = ZCjeAjtfj, fj = Sbj, (42)

i=1

is a general solution of the equation (39).

Example 5.1 Consider the following system of differential equations

1+ To + T3 = x1 — To + T3
o (43)
T — T9g = —x1 + To + 23
Here,
1 1 1 1 1 1
B:[l_lo] and A:[_llz].
Then,
3 3 11
AA*:[?’ ?] = | 2 T BS:[§ ?}
0 4 18 303
3 3

Hence, the eigenvalues and corresponding eigenvectors of BS are respectively:

V3+1 -(v3-1)
by = 2 , g = by = 2 :

a= 1 1

1 —1
V3 V3
On the other hand,

- v s
6 6
& = 8by = —T\/g and & = Shy = %
V343 v3-3
L 6 6
Then,
- s "
6 3
() = eMle = Vit | =3 and  xa(t) = Mgy = e V| V3
V343 V3-3
L 6 6

are two solutions of (43).

Theorem 5.1 (Variation Constant Formula) If BS possess n linearly independent eigenvectors

bi,ba, ..., by and )\—lj be the real eigenvalue that corresponds to b; (The numbers %1’ %2,...,)\—1
need not all be distinct). Then, for allc; € R,j =1,2,...,n
n t n
x(t) = ZCjﬁAjtfj —l—/ Z e)‘f'(t_s)ﬂj(s)fj dS, fj = Sbj, (44)
j=1 0 \s=1

where f(t) =375, Bj(t)b; is a general solution of the equation (38).
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Corollary 5.2 Under the conditions of the foregoing Theorem, if by, ba, ..., b, are orthogonal,
then a general solution of (38) is given by

n t n
2(t) = e+ / D e <y f(s) > ¢ | ds, & = Sby, (45)
j=1 0 \j=1

Proof of Theorem 5.1.. Clearly that a solution z(t) of (38) has the form z(t) = xp(t) + zp (%),
where zp,(t) is a solution of the homogeneous equation (39) and z,(t) is a particular solution of
the non homogeneous equation (38). So, we look for a particular solution of (38) by the variation

constant method; that is to say, we need to find functions ¢;(t),j = 1,2,...,n such that
n
Aj
z(t) =) ej(t)eh'e;,
j=1

is a solution of (38). To this end, let us consider the following expression:

n n
Bt = Zc'j(t)e)‘ftBﬁj+ch(t)B>\je)‘ft£j
Jj=1 Jj=1
n

— Z ¢;(t)eNt BE; + Z cj(t)B% (e*f'tfj)
j=1 i=1

= D (1M BG+ Y ej(t)AeM'g

j=1 j=1
n
= )+ ) cj(t)AeN;.
j=1
Then, we have to solve the equation for the unknown c;(t),

n

> ¢i(t)eN'Bg = f(t),

J=1
which is equivalent to the equation

n

D ¢i(t)eNhy = f(t) = B;(t)b;.
j=1

j=1
Since b1, b9, ..., b, are linearly independent, then
¢
¢j(t) = / e N5 (s)ds.
0

This completes the proof of the Theorem.
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