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Abstract

After introducing a new linear differential operator, we introduce and study certain new
subclasses of analytic and multivalent functions in the open unit disk. Some inclusion rela-
tionships also discussed in particular with reference to an integral operator.
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1 Introduction and preliminaries

Let H [a,n] be the class of analytic functions of the form
f(2)=a+ap2" + anp 12" +---

We define A (p) C H [a,n] be the class of functions of the form
f(z)=2"+ Z apz®, peN={1,2,3,---}

which are analytic in the open unit disk U = {z : |2] < 1}.

(1)

A function f € A(p) is said to belong to the class of p-valent starlike functions of order £ in U,

and is denoted by Sj (), if it satisfies

Re {ZJ{ES)] >¢ 0<f<ppeN,zcl.

(2)

The class S; (0) was introduced by Goodman [2] whereas Patil and Thakare [1] generalized this

idea to get the class Sy (§).

Owa [3] introduced a class Cp(§), the class of p-valent convex functions of order ¢ in U as

2f"(2)
f'(2)

Re[l—i— }>§, 0<é&<p,peN,zel.
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(3)
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The class C), (0) was introduced by Goodman [2].

It follows from (2) and (3) that

f(z) € Cy(§) if and only if ngz)

€5,(6),0<¢<ppeN,zel.

A function f € A(p) is said to belong to the class of p-valent close-to-convex functions of order

p and type £ in U, and is denoted by Kp(p,§), if there exists a function g(z) € S;(§) such that
/

e[

9(2)

The class Ky(p, &) was studied by Aouf [4] and the class K (p,§) was studied by Libera [5].

]>p, 0<pE<ppeNzel. (4)

Noor [6, 7] introduced and studied the classes K (p, &) and K7 (p,§).

A function f € A(p) is said to belong to the class K (p,§) of p-valent quasi-convex functions of
order p and type £ in U, if there exists a function g(z) € Cp(§) such that

(zf'(2))

fe [ 7(2)

}>p, 0<p¢<ppeNzcl. (5)

Similarly from (4) and (5) we have

f(2) € Kp(&) if and only if Zf;)(z)

e K;(£),0<¢<ppeN,zel.
For feA (p) we define the operator as follows:

00 (8.7) £ (=) = 1 (2):
(p(v+1)+6)9}o(ﬁ,v)f(2)—ﬁf(2)+p(7+1)(

zf'(2) .
p > ’
O (8,7) f(2) =D (057 (8,7)) -

This gives rise to

0" (8,7) f () = 2 + Z (M) arz®, B,7>0,peN. (6)

This operator generalizes certain differential operators which already exist in literature as under.

e B=X\~=0weget OF (n,\,0) of Aghalary et al. differential operator [10].

e 3=X\~vy=0and p=1we get Cho-Kim [11] and Cho-Srivastava [12| differential operator.
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e 3=1,7=0and p=1 we get Uralegaddi and Somanatha differential operator [13].
e 3=0,7=0and p=1 we get Salagean differential operator [14].

e =1, =0 we get Kumar et al. differential operator [15] and Srivastava et al. differential

operator [16].

Note that

(Y+1)2 (08 (8.9) f(2) = (p(y+1)+B) 01 (B,7) f (2) — BOL(B,7) f (2).

Now for this linear operator Oy (8,7) we define the following classes:

S, 6,7) ={feAp):0,(B,7)f€S;(&};
Cn(p,&,8,7) ={fe€Ap): 0, (B,7) f€Cpé)};
Kn(p,p,&,8,7) ={f € A(p): 6, (B,7) f € Kp(p, &) };

and

Ki(p,p,6,8.7) ={f € A(p): Oy (B.7) f € K;(p,€)} .

Next, we establish the various inclusion relationships for these classes and investigate an integral

operator in these classes.

2 Inclusion relationships

In order to prove our main results, we require the following lemma.

Lemma 2.1 /8, 9] Let p(p,v) be a complex function such that ¢ : D — C, D C C x C, and let
W= p1 4 ipg, v =1+ ive. Suppose that p(u,v) satisfies the following conditions:

i. p(p,v) is continuous in D;
ii. (1,0) € D and Rey(1,0) > 0;

iii. Rep(ipg,v1) <0 for all (ipg,v1) € D such that v; < —5(1+ p3).

Let h(z) = 1+ c12 + 22?2 + - -+ be analytic in U, such that (h(z),zh'(z)) € D for all z € U.
If Re{p(h(z),zh'(2))} > 0(z € U), then Re{h(z)} > 0 for z € U.
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Theorem 2.1 Let f € A(p), 0<¢< 1, B,7v>0,n €N then

S:L+l(p7€7/87’7) g S:L(p7£7/877) g S:;fl(p7§7/87’7)‘

Proof 2.1 Let f(z) € Sy 1(p,§,B,7). Now to prove that f(z) € S;(p,§,3,7) it is enough to
show that

) )>E, 0<¢&E<1,zel.

We assume that

=&+ (p—9&h(2), 0<¢<1,2€. (7)

Where h(z) = 14 ¢12 + o2 + - - - . Simultaneously applying (6) and (7) we conclude that

B\ OB =) B B
<P+7+1> on (5:7) /() =&+ (p—&h(2) + 0<¢<1,zel. (8)

v+ 1
Differentiating (8) with respect to z logarithmically, we obtain

2057 (8,7) f(2)) (y+1) (p— &2l (2)
ot (8,7) f(z) B4+ +1)E+ (p—Eh(z)

—&=(p—&h(z) +

L=TPocectizeu
A+
Taking h(z) = p = p1 +ipe and zh'(2) = v = vy + ive, we define the function o(u,v) by:
(Y +D P =&v
f+(y+DE+(p—Hu

Pl v) = (p=Eu+
Then from (9) we have

ﬁ+(7+1)§) % C:

i ¢(p,v) is continuous in D = (C — = ;

ii. (1,0) € D and Re{p(1,0)} > p —&;

For the third condition we proceed as follows:

P+ +DE+1) (- Hu
(p+(y+1)€)?+ (p—€)2u3

Re{p(ipg,v1)} =

I

which implies

P+ O+ D0 +1) -0 +p3)
P+ (r+1)€)? + (p— €)%43

Hence, the function o(u,v) satisfies the conditions of Lemma 2.1. Therefore Re{h(z)} > 0(z €

U), that is, f(2) € Sk (p,&, 3,7). This completes the proof of Theorem 2.

Re{p(ipg,v1)} < — <0.
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Theorem 2.2 Let f € A(p),0<&< 1, B,7v>0,n €Ny then
Cn+1(p7§7677) g C?’L(pa€7ﬂ77) g Cn—l(Pafvﬂ;’Y)~

Proof 2.2 Let f € Coa(p.€,5.7) = O51 (B,7) f € Cpl€) & (057 (8,7) f) € Si(€) =
ol (8,9) (L) € S5(6) = 2L € S5 (n.&B.) € Sip.6,8.) = L € Sip.€,8.9) =
O (8.7) (3L € S3(6) = 2(00 (8.9) 1)) € S3(€) & O (B.7) [ € Cp(€).

Theorem 2.3 Let f € A(p), 0 <{< 1, B,7>0,n€ Ny then
Kn+1(p)€7/85’y) g Kn(pa€7ﬁ7/y) g anl(pafa/g)r)/)‘

Proof 2.3 Let f(z) € Kn11(p,&, B8,7) then by definition there exist g(z) € Sy 1(p,&,B,7) such
that

Re <Z(®Z+1 (8.1) 1))

- >p, 0<p<1l,zel.
Oyt (8,7) 9(2) )

We assume that

(z((%; (ﬂ,v)f(z))’> ot (p— p)h(2). 0< p< Lz, (10)

where h(z) = 1+ 12 + c22% + - -+ . Using (6), we have
20571 (8,7) f(2)) (v + 1) 2(65 (8,7) 2f'(2)) + B(©

ort (B 1glz) (1 + 1205 (8,7 9() + 5O
Since g(z) € Sy 1(p.&,8,7) € Sy(p,§,8,7), so let
2(05 (8,7) 9(2))’
o (6,7) 9(2)

(8,7) 2f'(2))
B,7)9(2)

"33

=¢(+(p—&H(2).

So from (11) we have

(HD2(ORBAS () | BOR(BN)(2)
205 (B,7) f(2)) T epmea T esa)e) 12)
ot (. = (D265 B9 () '
p (8,7)9(2) T e

2(05 (8,7) f(2))

(8,7) 9(2)

T3

=p+(p—p)h(z)

@

T3

therefore we have

(O (8,7) 2f'(2))
er (8,7) 9(»)

=p+(p—ph(z)
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which gives

©r(B,7)2f'(2)) (O (8,7 9(2))  p+(p—p)H(2)
©p(8,7)2f'(2))  ©p(B,7)9(2) p+ (p—p)h(z)

After substituting the result of (13) into (12) we have

AOF BTG (1) k()
T Gge) PN e - o) 1 B

Taking h(z) = p = p1 + ipe and zh/(z) = v = vy + iva, we define the function (u,v) by:

o (v+1)(p—p
Pv) == Prt o e (- OHE) 1 5

It is easy to see that the function o(u,v) satisfies the conditions (i) and (ii) of Lemma 2.1 in
D =C x C. To verify the condition (iii), we proceed as follows;

Re [p(ip2,v1)] = (y+Du@—pB+E+1)+ 0 +1) -,y
’ BAE(v+1)+(v+1) (p = hi(rr,y1)? + [(v + 1) (p = ha(z1, y1)]*

Where H(z) = hi(z1,y1) + tha(z2,y2), hi(z1,y1) and ha(xa,y2) being functions of x and y and

Re(hi(z1,y1)) > 0. By putting vi < —3(1 4 p3), we obtain

O+DA+p)p-p)B+EO+ D+ 0+ - Oh@ny)]  _
B+ +D+ 0+ 1) (= (e, y)? +[(v+1) (0 = Hhaler,y)]*
Hence, the function o(u,v) satisfies the conditions of Lemma 2.1. Implies Re{h(z)} > 0(z € U),
that is, f(z) € Kn(p,&,B,7).

Re[p(ipg, v1)] = —

Similarly we can prove the following theorem.

Theorem 2.4 Let f € A(p), 0< &< 1, B,7>0,n €Ny then

K:;_H(p,f,ﬁ,’y) g K;(p7§7ﬁ>7) g K;—l(pvga/@7’7)'

3 Integral operator

For ¢ > —p and f(z) € A(p), the integral operator L.,(f) : A(p) — A(p) is defined by

ZC

Lep(f) = 12 /0 T (g, (14)

The operator L.,(f) was introduced by Bernardi [17]. For more detailed about the operator
L., (f), we refer the reader to study to [5, 18, 19].
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Theorem 3.1 Let ¢ > —p, 0 <& <p. If f(z) € S5(p, €, 8,7), then Le(f) € S5(p. €, 8,7)-
Proof 3.1 From (14) we have

205 (8:7) Lepf(2)) = (¢ +p) O, (B,7) f(2) — (0 (B,7) Lepf(2))-
To prove that L. p(f) € Sy(p,&,3,7). We suppose that

2(0 (B,7) Lef(2))
Op (B,7) Lef(2)

Where h(z) = 1+ c12 + co2? + -+ .

=&+ (p—&h(2). (15)

Using (14) and (15) we conclude that
2(0p (B:7) Lef(2))" _ 03 (8,7) f(2)
O3 (8,7) Lef(2) (8,7)

Differentiating w.r.t. z we have

2(0) (B,7) Lef(2))
O (B,7) Lef(2)

—&=(p—Eh(2) +

Taking h(z) = p = p1 + ip and zh/(2) = v = v +iv1, we define the function (u,v) by:

(p—&v
Etet+(p—Ou

o(p,v) =P —-Eu+

It is easy to see that the function o(u,v) satisfies the conditions (i) and (ii) of Lemma 2.1 in
D= (C- {%}) x C. To verify the condition (iii), we proceed as follows;

E+ap—&u _ —(E+)p— 0 +p3)
E+ 2+ [(p—ual> = 2[E+c? +2[(p — §pal?

Hence, the function p(u,v) satisfies the conditions of Lemma 2.1. Implies Re{h(z)} > 0(z € U),
that is, Lep(f) € Sh(p, &\, o, B, ) This completes the proof of Theorem 3.1.

< 0.

Re [QO(Z-NQJ Ul)] = [

Theorem 3.2 Let ¢ > —p, 0 < & < p. If f(2) € Cu(p,&, B,7), then Le(f) € Cn(p, &, 5,7).

Proof 3.2 Since f(2) € Cu(p,&,8,7) = L& € S5(0,€,8,7) = Lep(*L2) € S5(0,6,8,7) =
%(Lapf), € S’:(L(p7§7/87’)/) a4 LC,pf € Cn(pagaﬁyly)

Theorem 3.3 Let ¢ > —p, 0 < € < p. If f(2) € Kn(p.&,B,7), then Lo(f) € Kn(p,&,B,7)-
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Proof 3.3 Since f(z) € K, (p,&, B,7) implies O (B,7) f € Kp(p,&) or

2(0p (8,7) f(2))
)

& (B )"

Re(

We suppose that

2(05 (8,7) Lef(2))
Where h(z) =1+ c1z2 + c22® + -+
Since we have
(c+p)(© (8,7) f(2)) = 2(0) (8,7) Le f(2)) + cOp (8,7) Lef(2))-
Therefore
2(05(8,7) Le(2f (2)) (©p(B:7)Le(2f'(2))
(Z(@g (B,7) f(z))’) _ @@Q‘EﬁTVI;chfZ) T GenfiKZVI;chJEZ) . (17)
6 (5.7) (=) ST
Since g(z) € Sy (p, &, B,7) implies Le(g(2)) € S5 (p, &, B,7). Let
2(0p (8,7) Le(9(2))" B
67 (5,7) Log(2) =&+ (p—&H(2), Re(H(2)) >0, z€U. (18)
2(07(8,v) Le(2f'(2)) ,
O BN LT 1y (el + (o OHE + [0 - )oK, (19

O (8,7) Leg(z)

Simultaneously solving (17) and (19) we get
(p—p)zh'(2)
§+(p—9H(2) +c

2(0y (8,7) f(2))
= (p— p)h
( 61 (5.7)9(2) ) —p=(p—p)h(z)+
= p1+ipz and zh'(2) = v = vy +ive, we define the function p(u,v) by:

Taking h(z) =
o(u,v) =(p—pu+ b= p)v
’ E+(p—&H(2)+

It is easy to see that the function ¢(u,v) satisfies the conditions (i) and (it) of Lemma 2.1 in

D = C x C. To verify the condition (iii), we proceed as follows;

. B vi(p — p)[(€ +¢) + (p = Ehi(z1, y1)]
Relelive: vl = (e 0 T = Ohi(an, )P + (7 - Ohalaz, g2
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Where H(z) = hi(x1,y1) + tha(z2,y2), hi(x1,y1) and he(xa,y2) being functions of x and y and
Re(hi(z1,41)) > 0. By putting vi < —3(1 4 p3), we obtain

1 A+ m)p=plE+e)+ (p—hi(z1,m)]
2[€+c)+ (p—Ohi(xr,y1)]> + [(p — halw2, y2)]?

Hence, the function p(u,v) satisfies the conditions of Lemma 2.1. Implies Re{h(z)} > 0(z € U),
that is, Lc(f) € Kn(p, &, B,7). This completes the proof of Theorem 3.3.

< 0.

Re[p(ipz,v1)] =

Similarly we can prove the following theorem.

Theorem 3.4 Let ¢ > —p, 0 <& <p. If f(2) € K;(p, €, 58,7), then Le(f) € Kp(p, €, 5,7)-
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